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The governing equation of the slowly decaying imaginary distance beam propagation method (SD-ID-
BPM) is further modified, for calculating the eigenmodes in optical fibers and waveguides. Its conver-
gence is analyzed in detail and compared to the earlier version of SD-ID-BPM and other methods. It is
demonstrated that the method described here can converge to the same desired accuracy within fewer
propagation steps than the earlier version of SD-ID-BPM and other methods. Since the governing equa-
tion of the SD-ID-BPM is a partial differential equation with higher order derivatives, it might be inter-
esting if the discretization in the transverse x–y plane is performed by applying the numerical techniques
for partial differential equations with higher order derivatives. © 2009 Optical Society of America

OCIS codes: 000.3860, 000.4430, 230.7370.

1. Introduction

There are different types of methods for calculating
the eigenmodes in optical guided wave devices
[1–10]. The conventional imaginary distance beam
propagation method [2,3] has a counterpart in quan-
tum mechanics, which is referred to as “imaginary
time” method [11–14]. In [9] the slowly decaying
imaginary distance beam propagation method (SD-
ID-BPM) is proposed and presented, which is greatly
improved in [10] in numerical calculation. In this
paper, the governing equation of the SD-ID-BPM is
further modified into a quartic form. Using this
new method, even fewer propagation steps are
needed to reach the same desired accuracy compared
to the earlier version of SD-ID-BPM [10] and other
methods. Detailed analysis and comparison will be
performed on this method. To demonstrate the meth-
od, the scalar formulation is used, and it is straight-
forward to extend it to vector formulation. As a
convenient way for demonstration of the method,
the finite difference method was used for the discre-

tization in the x–y plane. Other methods including
the finite element method (variational or discontin-
uous Galerkin) [15–21] and the pseudospectral
method [22,23] may be suitable for discretization
in the transverse x–y plane.

2. Formulation and Analysis

The governing equation of the SD-ID-BPM is [9,10]

∂A
∂z

¼ −j ·
ðH − αÞ · ðα −HÞ

c
· A ð1Þ

if scalar formulation is used, where

H ¼ 1
2k0n0

·
�
∂2

∂x2
þ ∂2

∂y2
þ k20 · ðn2 − n2

0Þ
�

ð2Þ

if the guiding is weak, such as that in a weakly
guiding step index fiber. k0 is the vacuumwave numb-
er, n0 is the reference refractive index, and n is the
refractive index in the considered guiding structures.
Here only real n will be considered. n, and hence H,
are invariant along the imaginary z axis. For a wave-
guide structure that varies along the longitudinal
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direction (note that this is not the imaginary z axis in
SD-ID-BPM), n in Eq. (2) represents the transverse
index distribution at a specific position along the
longitudinal direction in the considered waveguide,
where the eigenmodes are of interest.
It can be seen that Eq. (1) is quadratic inH. Here a

governing equation that is quartic in H is proposed,
which is

∂A
∂z

¼ j ·
ðH − αÞ4

δ · A; ð3Þ

where z ¼ j · z0 and z0 is real. Similar to [9] and [10], α
is a constant with the dimension of m−1. δ is a
constant with the dimension of m−3. H is still as
defined in Eq. (2).
Both the governing equation of the quadratic SD-

ID-BPM [9,10] and the governing equation of the
quartic SD-ID-BPM described here are typical high-
er order partial differential equations, in which there
are higher order spatial derivatives. In Eq. (3) the
differential operator ðH − αÞ4 can be expanded and
an equivalent differential operator can be obtained,
in which the highest order spatial derivative is eight.
Similarly, the highest order spatial derivative in the
governing equation of the quadratic SD-ID-BPM
[9,10] is four.
First the formal solution of Eq. (3) is considered.

Since H is z invariant, the formal solution of
Eq. (3) can be written as

Aðx; y; zÞ ¼ ej·
ðH−αÞ4

δ ·z · Aðx; y; z ¼ 0Þ: ð4Þ

Any arbitrary input can be expanded in the complete
set of the eigenfunctions of the operator H, as

Aðx; y; 0Þ ¼
X
m

amϕmðx; yÞ; ð5Þ

with
H · ϕmðx; yÞ ¼ λmϕmðx; yÞ; ð6Þ

where ϕmðx; yÞ is the eigenfunction for the mth
eigenmode, and the corresponding eigenvalue is λm ¼
ðβ2m − k20n

2
0Þ=ð2k0n0Þ [5,7] with βm representing the

propagation constant.
Inserting Eqs. (5) and (6) into Eq. (4) and using

z ¼ j · z0, the following can be obtained:

Aðx; y; z0Þ ¼
X
m

am e−
ðλm−αÞ4

δ ·z0ϕmðx; yÞ: ð7Þ

The purpose here is to extract the eigenmodes in
optical fibers and waveguides, including the funda-
mental and all the higher order guided modes. In
order to achieve fast convergence to the targeted
mode in the numerical calculation, the fully implicit
scheme will be used for the discretization of Eq. (3) in
the z direction, and this is similar to the choice of the
fully implicit scheme in [10]. For the purpose of

analysis the fully implicit scheme is first applied
in the z direction without discretization in the x–y
plane, and Eq. (3) becomes

Aðx; y; z0 þΔz0Þ ¼ 1

1þΔz0 ðH−αÞ4
δ

· Aðx; y; z0Þ; ð8Þ

where H is defined in Eq. (2) since the scalar formu-
lation is used. Again using the complete set of the
eigenfunctions of the operator H, both Aðx; y; z0 þ
Δz0Þ and Aðx; y; z0Þ can be expanded as

Aðx; y; z0Þ ¼
X
m

amðz0Þϕmðx; yÞ;

Aðx; y; z0 þΔz0Þ ¼
X
m

amðz0 þΔz0Þϕmðx; yÞ: ð9Þ

Applying Eq. (9) to Eq. (8) results in

X
m

amðz0 þΔz0Þϕmðx; yÞ ¼
X
m

amðz0Þ
1

1þΔz0 ðλm−αÞ
4

δ

× ϕmðx; yÞ: ð10Þ

From Eq. (10) the following can be obtained:

amðz0 þΔz0Þ ¼ 1

1þΔz0 ðλm−αÞ
4

δ

amðz0Þ: ð11Þ

It can be seen that the modulus of the amplification
factor for the mth mode is j1=½1þ ðΔz0=δÞðλm − αÞ4�j
for each propagation step. Since both Δz0 and δ are
chosen to be positive and real, and α is also chosen
to be real, j1=½1þ ðΔz0=δÞðλm − αÞ4�j ≤ 1 is generally
valid when analyzing guiding structures with real
refractive index. Therefore, the method presented
here is numerically stable, and there is no singular
point in the amplification factor during the numeri-
cal propagation. The analysis on the convergence of
the numerical solution using the fully implicit
scheme is based on Eq. (11). On the other hand, when
Δz0=δ is very large, the difference between Eqs. (7)
and (10) is generally very large. However, in the con-
text of eigenmode calculation, large Δz0=δ is pre-
ferred for fast convergence of the numerical
calculation using the fully implicit scheme in the z
direction, even though it is very different from the
formal solution of the governing equation. This is
essentially the same as the discussion presented in
[10]. The purpose here is to extract an eigenmode;
the conservation of energy does not need to be
obeyed, and the governing equation itself does not
correspond to any physical system that exists in
the real world. Both SD-ID-BPM (quadratic and
quartic) and the conventional ID-BPM are mathe-
matical methods for calculating the eigenmodes.
The propagators for the SD-ID-BPM and the
conventional ID-BPM are not unitary, just like the
propagator for the imaginary time formalism of
the Schrodinger equation [11].
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In the practical numerical solution, Eq. (8) needs to
be further discretized in the x–y plane. No matter
what type of discretization is used in the x–y plane,
such as the finite difference method, the finite ele-
ment method [15–21], or other methods, including
the pseudospectral method [22,23], the analysis
presented here is valid.
Shown in Fig. 1 is the plot of the modulus of the

amplification factor in Eq. (11), as a function of
b ¼ ðΔz0=δÞðλm − αÞ4. The monotonicity guarantees
that the mode with the eigenvalue that is the closest
to the chosen α has the largest modulus of the ampli-
fication factor. The quartic SD-ID-BPMmaintains all
the advantages of the quadratic SD-ID-BPM pre-
sented in [10] (summarized right before the conclu-
sion section there), and it will be demonstrated
that the number of propagation steps needed to
reach a specific accuracy using the quartic SD-ID-
BPM is fewer than that using the quadratic SD-
ID-BPM.

3. Numerical Results and Discussions

For demonstration the common finite difference
method [24–26] was used for the discretization of
the differential operator ðH − αÞ in Eq. (8) in the x–
y plane. Similar to the calculation described in [9]
and [10], the differential operator ðH − αÞ was first
discretized, and the common finite difference method
described in [24–26] was used. As a result, the discre-
tized version of Eq. (8) can then be written as

Alþ1 ¼ I

I þΔz0 ðH
ðnÞ−αIÞ4
δ

· Al; ð12Þ

where HðnÞ is the discretized version of H and is a
sparse matrix, Alþ1 and Al are the discretized
versions of A and are vectors, I is an identity matrix
with the same dimension asHðnÞ, and the superscript
l represents the index of the discrete z coordinate.
Note that the discretization in the x–y plane used

for obtaining Eq. (12) is only a convenient way for

demonstration of the method, and the number of
nonzero matrix elements in the sparse matrix ðHðnÞ −
αIÞ4 could be more than that in ðHðnÞ − αIÞ. A possibly
better way for discretization is to first expand the
fourth order term for the differential operator
ðH − αÞ4 in Eq. (3), to obtain an equivalent differen-
tial operator that contains eighth order differentia-
tions with respect to x and y, and so on. After the
expansion of the differential operator ðH − αÞ4 the
discretization can then be conducted in the x–y plane
for numerical solution. The methods other than the
finite difference method, including the finite element
method (using the variational principle or the discon-
tinuous Galerkin method) [15–21], and possibly
other methods including the pseudospectral method
[22,23], might be suitable for discretization in the x–y
plane. In the z direction the fully implicit scheme
shall be used.

According to Eq. (11), after the solution converges
well to the dominant mode, its eigenvalue can be
calculated according to

λi ¼ α�
��

Aðx0; y0; z0Þ
Aðx0; y0; z0 þΔz0Þ − 1

�
·

δ
Δz0

�1
4

; ð13Þ

where x0 and y0 are the coordinates for some specific
point in the transverse plane. Generally speaking, x0
and y0 can be chosen so that the modulus of the field
amplitude at this point is not zero and preferably not
too small. The propagation constant of the dominant
mode is then βi ¼ k0n0 ·

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2 λi=ðk0n0Þ

p
[10].

For demonstration the same weakly guiding step
index fiber used for the calculation in [10] is consid-
ered here. The core index ncore ¼ 1:469, the index in
the cladding nclad ¼ 1:46, the laser wavelength is
1:03 μm, and the diameter of the fiber core is
10:1 μm. A square transverse computation window
was used with wx ¼ wy ¼ 35 μm, the transverse step
sizesΔx ¼ Δy ≅ 0:292 μm. The step size in the z0 axis
was fixed at Δz0 ¼ 10 μm. The reference index was
fixed at n0 ¼ ðncore þ ncladÞ=2 for all the calculations
in this paper. The zero value boundary conditions
were used in the calculation. The input of the calcu-
lation was a summation of many different functions
of x and y, so that the input may include as many
modes as possible.

Again, the MATLAB function “bicgstab” using
the biconjugate gradients stabilized method (BI-
CGSTAB) [27] was not used for solving the sparse
matrix equation, for the same reason as described
in [10]. Instead the Gaussian elimination (LU factor-
ization) in MATLAB was used for solving the sparse
matrix equation.

Shown in Fig. 2 are the plots of the number of
propagation steps needed to converge to a specific
accuracy (effective index converges to within 10−5

from the eventual solution), as a function of the para-
meter δ. From Fig. 2 it can be seen that, so long as δ is
small enough at fixed Δz0, the effective index of the
targeted mode can reach the desired accuracy in only
two propagation steps. This is true for all the other

Fig. 1. Plot of the modulus of the amplification factor as a
function of b ¼ ðΔz0=δÞðλm − αÞ4.
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guided modes too, in addition to the LP01 and LP02
modes shown in Fig. 2.
Shown in Fig. 3 are the plots of the convergence of

β−=k0 (βþ=k0 is not the right solution of the effective
index), for the LP01 mode as a function of the propa-
gation step number. In the calculation for Fig. 3, α ¼
ðk20n2

core − k20n
2
0Þ=ð2k0n0Þ and δ ¼ 108 m−3. For compar-

ison the calculation using the quadratic SD-ID-BPM
[10] is also plotted in Fig. 3 with the same α and
c ¼ 10−2 m−1. The same input as that used in [10]
was used here for the calculations using both the
quartic and quadratic SD-ID-BPM, which is basically
a summation of many different functions of x and y,
so that the input may include as many modes as
possible. This same input was also used for all the

other calculations in this paper including the calcu-
lations shown in Fig. 2.

Another quite fast method for eigenmode
calculation is the shifted inverse power method
(SIPM) [6,23,28–30]. Using the same notation as
in Eq. (12), the numerical calculation using the
shifted inverse power method can be written as

Alþ1 ¼ I

HðnÞ − αI
Al: ð14Þ

For comparison the convergence of the calculated
effective index neff as a function of the number of
numerical solutions using Eq. (14) is also plotted
in Fig. 3, using the same α ¼ ðk20n2

core − k20n
2
0Þ=ð2k0n0Þ and the same input for the calculation.

Shown in Fig. 4 are the plots of the convergence of
βþ=k0 (β−=k0 is not the right solution of the effective
index) for the LP02 mode as a function of the propa-
gation step number. In the calculation for Fig. 4,
α ¼ ðk20 · 1:46152 − k20n

2
0Þ=ð2k0n0Þ; for the calculation

using the quartic SD-ID-BPM, δ ¼ 108 m−3, and for
the calculation using the quadratic SD-ID-BPM
[10], c ¼ 10−2 m−1. The calculation using the shifted
inverse power method is also plotted in Fig. 4 for
comparison, and the same α ¼ ðk20 · 1:46152 −
k20n

2
0Þ=ð2k0n0Þ was used when solving Eq. (14). Again

the same input used for the calculations shown in
Fig. 3 was used for all the calculations shown
in Fig. 4.

From Figs. 3 and 4 it can be seen that the quartic
SD-ID-BPM needs the least number of propagation
steps to reach the same accuracy compared to the
quadratic SD-ID-BPM and the shifted inverse power
method. In addition, both the quartic and quadratic
SD-ID-BPM need fewer number of propagation steps

Fig. 2. Plot of the number of propagation steps needed to con-
verge to a specific accuracy as a function of the parameter δ for
the considered step index fiber. The specific accuracy is for the ef-
fective index converging to within 10−5 from the eventual solution.
(a) LP01 mode with α set to be α ¼ ðk20n2

core − k20n
2
0Þ=ð2k0n0Þ. (b) LP02

mode with α set to be α ¼ ðk20 · 1:46152 − k20n
2
0Þ=ð2k0n0Þ.

Fig. 3. Plots of the convergence of β−=k0 for the LP01 mode as a
function of the propagation step number for the considered step
index fiber, with α set to be α ¼ ðk20n2

core − k20n
2
0Þ=ð2k0n0Þ. The open

circles represent the calculation using the quartic SD-ID-BPM
with δ ¼ 108 m−3; the solid triangles represent the calculation
using the quadratic SD-ID-BPM [10] with c ¼ 10−2 m−1. The stars
represent the convergence of the calculated effective index neff as a
function of number of numerical solutions using Eq. (14), with α set
to be α ¼ ðk20n2

core − k20n
2
0Þ=ð2k0n0Þ.
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to reach the same accuracy than the shifted
inverse power method. The reason for this can be
understood by looking at the modulus of the ampli-
fication factor for each mode for these methods.
According to the author’s knowledge, the number

of propagation steps needed to reach the same
accuracy is the least using the quartic SD-ID-BPM
compared to any other previously existing methods.
As discussed above, a possibly better way of discre-
tization is to first expand the fourth order term for
the differential operator ðH − αÞ4 in Eq. (3), and to
obtain an equivalent differential operator that con-
tains eighth order differentiations with respect to
x and y. After the expansion of the differential opera-
tor ðH − αÞ4 in Eq. (3), the discretization can then be
performed in the x–y plane. On the other hand, the
finite element method [15–21], and possibly other
methods including the pseudospectral method
[22,23], might be suitable for the discretization in
the x–y plane in the quartic SD-ID-BPM. Again in
the z direction, the fully implicit scheme shall
be used.
Another advantage of SD-ID-BPM (both quartic

and quadratic) is the good numerical stability. It
might be convincing to consider the shifted inverse
power method for comparison. The shifted inverse
power method is basically ill conditioned just like
the imaginary distance beam propagation method
described in [5] and [7], since there exist singular
points in the amplification factor, although in the
practical calculation it is almost impossible to meet
a singular point exactly. Although the field can be
normalized after each step of the calculation in the
practical calculation using the shifted inverse power
method, it is hard to control how much the field will
be amplified or decayed for each step of the calcula-

tion [the solution of Eq. (14)]. The shifted inverse
power method is not a healthy algorithm from the
point of view of mathematics. On the other hand,
the SD-ID-BPM (both quartic and quadratic) is well
conditioned from the point of view of mathematics.
In the practical calculation using SD-ID-BPM it is
easier to control how much the field will be decayed
(it will not be amplified).

Some techniques could be useful in the practical
implementation of SD-ID-BPM (both quartic and
quadratic). For example, the parameter α can be
updated after each propagation step by setting
α ¼ ðk20n2

new − k20n
2
0Þ=ð2k0n0Þ, where nnew is the effec-

tive index newly updated after each propagation
step. Since nnew will get closer and closer to the effec-
tive index of the targeted mode, the modulus of the
amplification factor will get closer and closer to one
for both quartic and quadratic SD-ID-BPM. When
the chosen α is close to the eigenvalue of the targeted
mode, the decay of the targeted mode is very slow,
while all the other modes decay very quickly, which
is why this method is referred to as “slowly decaying
ID-BPM.”

Finally, the quartic form of SD-ID-BPM can be
further extended to a sixth order or even higher order
form if it is necessary, and the governing equation
can be written as

∂A
∂z

¼ j ·
ðH − αÞ2N
S2N−1 · A; ð15Þ

where z ¼ j · z0 and z0 is real, α is a constant with the
dimension ofm−1, S is a constant with the dimension
of m−1, H is still as defined in Eq. (2) if scalar formu-
lation is used, and N is a positive integer. When
N ¼ 1, Eq. (15) is the governing equation of the qua-
dratic SD-ID-BPM [9,10]. WhenN ¼ 2, Eq. (15) is the
governing equation of the quartic SD-ID-BPM.

In many practical cases the waveguide structures
vary in the propagation direction although the varia-
tion is generally slow on the scale of the considered
laser wavelength [31]. In these cases the eigenmodes
calculated by the SD-ID-BPM are the local eigen-
modes at a specific position along the propagation
direction, if the transverse index distribution for this
specific position along the propagation direction is
used to define the H operator according to Eq. (2).

4. Conclusion

A quartic form of the slowly decaying imaginary
distance beam propagation method is presented.
The governing equation has been modified. Using
the finite difference method in the transverse x–y
plane it has been demonstrated that, to reach the
same accuracy, the number of propagation steps
needed is fewer using the quartic SD-ID-BPM than
that using the quadratic SD-ID-BPM and the shifted
inverse power method. In addition, the finite differ-
ence method is probably not the best choice for the
discretization in the x–y plane. Instead, other
methods including the finite element method, the

Fig. 4. Plots of the convergence of βþ=k0 for the LP02 mode as a
function of the propagation step number for the considered step
index fiber, with α set to be α ¼ ðk20 · 1:46152 − k20n

2
0Þ=ð2k0n0Þ.

The open circles represent the calculation using the quartic
SD-ID-BPMwith δ ¼ 108 m−3; the solid triangles represent the cal-
culation using the quadratic SD-ID-BPM [10] with c ¼ 10−2 m−1.
The stars represent the convergence of the calculated effective
index neff as a function of number of numerical solutions using
Eq. (14), with α set to be α ¼ ðk20 · 1:46152 − k20n

2
0Þ=ð2k0n0Þ.
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pseudospectral method, or even other methods might
be particularly suitable for the discretization in the
x–y plane. In the z direction the fully implicit scheme
shall be used. In addition, both the quadratic and
quartic SD-ID-BPM should be able to be applied to
solve the time-independent Schrodinger equation,
which is an eigen problem, and it can be referred
to as the “slowly decaying imaginary time method.”
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