
Split step solution in the iteration of the beam
propagation method for analyzing

Bragg gratings

Hong Shu
College of Optics and Photonics, CREOL and FPCE, University of Central Florida,

Orlando, Florida 32816, USA (hshu@creol.ucf.edu)

Received 20 March 2009; revised 20 July 2009; accepted 21 July 2009;
posted 27 July 2009 (Doc. ID 109002); published 18 August 2009

The split step method is applied to the iteration of the beam propagation method for analyzing the
reflection of a laser beam by a volume Bragg grating. The application of the split step method is made
possible by a way to properly treat the grating coupling terms in the paraxial wave equations. This
method is demonstrated to be accurate in addition to efficient and robust. After this modification,
the iteration of the beam propagation method is suitable for analyzing finite beams in volume Bragg
gratings, for which the grating strength might be large. It is also suitable for analyzing Bragg gratings
with nonuniform grating structures. © 2009 Optical Society of America
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1. Introduction

Bragg gratings, including volume Bragg gratings
(VBGs) and fiber Bragg gratings (FBGs), are impor-
tant photonic devices [1–10]. The finite beams in
volume Bragg gratings were previously analyzed in
[4,11–14].
In [15] an iteration of the beam propagation meth-

od is proposed that is suitable for analyzing volume
Bragg gratings with large grating strength and re-
flectance close to 1 when not distorted. In [16] the
iteration of the beam propagation method presented
in [15] is further extended so that a volume Bragg
grating with an even larger grating strength can be
analyzed. In addition, a reformulation for the pa-
raxial wave equations in a volume Bragg grating is
also presented in [16], which makes the method
more convenient to use for analyzing laser propaga-
tion in a volume Bragg grating with nonuniform
grating structures. However, the method presented
in [16] does not include the diffraction terms (the
second order differentiations with respect to x and y)

in the governing paraxial wave equations. In [15] a
method is presented to include the diffraction terms,
but it is not a reliable method. The limitations of the
method presented in [15] to include the diffraction
terms is discussed in detail in Section 2.

In this paper a split step method similar to that
described in [17–21] is applied to the iteration of
the beam propagation method, which is realized by
properly treating the grating coupling terms in the
paraxial wave equations. Using this method the dif-
fraction terms in the governing paraxial wave equa-
tions are kept. In addition, it is a fundamentally
robust and efficient method, and the reliability pro-
blem of the method presented in [15] is completely
solved. The method as presented in the form in this
paper is suitable for analyzing paraxial finite beams
in VBGs, for which the grating strength might
be large, and there might be three-dimensional
nonuniformities in the grating structure, such as
background index distortion and grating period dis-
tortion. As an example calculation it is demonstrated
that when the transverse beam size of the input laser
is small enough, the performance of the VBG is dif-
ferent from that using a plane wave input beam.
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2. Formulation and Numerical Solution

The considered laser beam is a linearly polarized
beam normally incident on the considered volume
Bragg grating. The refractive index distribution in
the VBG can bewritten as the following general form:

n ¼ n0 þΔn · cos½ð~q0 þΔ~qÞ ·~rþ φ� þΔnT ; ð1Þ

where n0 is the background refractive index,Δn is the
amplitude of the refractive index modulation, and
Δn ≪ n0. ~q0 is the grating vector that is along the z
axis and j ~q0 j ¼ 2π=Λ0;, where Λ0 is the grating per-
iod of the ideal VBGwhen it is not distorted, andφ is a
phase factor of the cosine function. Δ~q is due to the
grating period distortion and jΔ~qj ≪ j~q0j.ΔnT repre-
sents the background index distortion andΔnT ≪ n0.
The thickness of the ideal VBG without distortion is
L0. The z axis is perpendicular to the grating planes
when the grating is not distorted. Shown in Fig. 1 is a
schematic of the considered VBG. The Bragg condi-
tion is k0n0~eA þ~q0 ¼ k0n0~eB, where k0 ¼ ω=c is the
free space wave number for the laser with the Bragg
wavelength, ~eA is the unit vector in the direction of
propagation of the input beam, and~eB is the unit vec-
tor in the direction of propagation of the reflected
beam. Since normal incidence is considered, ~eA is in
þz direction and~eB is in −z direction.
For such a volume Bragg grating, a formulation of

the paraxial wave equations governing the two coun-
terpropagating beams is presented in [16], which can
be written in the following compact form:

2ik0n0
∂A
∂z

¼ P1 · Bþ P3 · Aþ ∂2A

∂x2
þ ∂2A

∂y2
;

− 2ik0n0
∂B
∂z

¼ P2 · Aþ P3 · Bþ ∂2B

∂x2
þ ∂2B

∂y2
; ð2Þ

where

P1 ¼ ðk0 þΔkÞ2ðn0 þΔnTÞΔn · e−iΔqzþiφ;

P2 ¼ ðk0 þΔkÞ2ðn0 þΔnTÞΔn · eiΔqz−iφ;

P3 ¼ ðk0 þΔkÞ2ðn0 þΔnTÞ2 − k20n
2
0:

ð3Þ

P1 · B and P2 · A are grating coupling terms. HereA is
the complex amplitude of the incident beam and B is
the complex amplitude of the reflected beam. Both A

and B are assumed to vary slowly along their propa-
gation directions on the scale of the considered
grating period or the scale of the considered laser
wavelength, and this assumption is valid in the scope
of this paper as well as in [15,16]. In the way similar
to those described in [1,3,20,22], the second-order de-
rivatives ∂2A=∂z2 and ∂2B=∂z2 are neglected to obtain
Eqs. (2) shown above in the derivation in [16] (also
the derivation in [15]) using the slowly varying envel-
ope approximation. Therefore, A and B are also re-
ferred to as the slow amplitudes of the incident
and reflected beams in [16]. Δk is due to the devia-
tion of the wavelength of the input laser beam from
the Bragg wavelength, Δq is due to the grating per-
iod distortion, andΔ~q ¼ Δq · êq, with êq representing
the unit vector in the direction of the grating vector
~q0. It needs to be noticed that there is an error in
defining Δq in [16] [right after its Eq. (12)] due to
carelessness, and the definition described here
should be used and Δq could be positive or negative
depending on how the grating period is distorted. In
addition, in Eqs. (2) A, B,Δq, andΔnT generally vary
with the space coordinates x, y, and z.

Equations (2) are valid so long as Δk ≪ k0,
Δn ≪ n0, ΔnT ≪ n0, jΔ~qj ≪ j~q0j, and the divergence
or convergence angle of the laser beam is not too big
so that it can be well considered as a paraxial beam.
The background refractive index n0 when the VBG is
not distorted is used as the reference refractive index
[22,23] for the beam propagation method formulation
shown in Eqs. (2).

In [24] the propagation through nonuniform grat-
ing structures is analyzed using coupled mode theo-
ry, by using an effective medium picture. In [6–8]
the transfer matrix method is applied for analyzing
Bragg gratings with nonuniform changes in the grat-
ing structures. On the other hand, both finite beams
and nonuniform grating structures can be easily
accounted for using Eqs. (2).

According to the iteration methods described in
[15,16], each of the two one-way wave equations
shown in Eqs. (2) need to be solved separately so that
A and B are each numerically propagated in the con-
sidered VBG separately. The numerical propagation
of A in positive z direction (þz) and the numerical
propagation of B in negative z direction (−z) are iter-
ated until the solution reaches the desired accuracy.
However, in [16] the diffraction terms (the second-
order differentiations with respect to x and y) in
Eqs. (2) are neglected and, then, each of the two equa-
tions is solved by fourth-order Runge–Kutta method.
In [15] most of the calculations are also performed by
neglecting the diffraction terms (the second-order
differentiations with respect to x and y) in the gov-
erning paraxial wave equations, and each of the one-
way wave equations is solved by the fourth-order
Runge–Kutta method. In addition, the finite differ-
ence beam propagation method is also used to solve
each of the two one-way wave equations in Eqs. (6a)
in [15], for the numerical propagation of A in
þz direction and B in −z direction, and theFig. 1. Schematic of the considered VBG.
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diffraction terms are kept. The grating coupling
terms, ðω2=c2Þn0Δn · ðB=AÞ · eiφ and ðω2=c2Þn0Δn ·
ðA=BÞ · e−iφ in Eqs. (6a) in [15], are treated in a way
similar to that used in [25] to treat the nonlinear
saturated gain coefficient in a laser gain medium.
However, as can be seen in Eqs. (6a) in [15], A and
B are present in the denominators of the grating cou-
pling terms. When the grating strength is large en-
ough, both A and B are small when close to z ¼ L0,
and B ¼ 0 is exact at z ¼ L0. Even when the grating
strength is not large,B ¼ 0 is still exact at z ¼ L0 and
B is still small when close to z ¼ L0. A situation with
the denominator exactly equal to zero or small could
cause major problems, and it definitely has to be
avoided. When solving the second one-way wave
equation in Eqs. (6a) in [15], to numerically propa-
gateB in the −z direction,Bwas set to be small at z ¼
L0 to approximate the boundary condition of Bðz ¼
L0Þ ¼ 0 (since the term ðω2=c2Þn0Δn · ðA=BÞ · e−iφ will
be singular if B is set to be exactly zero at z ¼ L0 in
the practical calculation), and the obtained solution
is good enough for the cases considered in [15], since
the grating strength used in those calculations is not
large. However, when the grating strength is large,
the method used in [15] to solve Eqs. (6a) may not
converge, and this is induced by the singular beha-
vior of the term ðω2=c2Þn0Δn · ðA=BÞ · e−iφ when B
is small when close to z ¼ L0.
Here a different way is presented that is funda-

mentally robust in addition to efficient. Equations (2)
can be written in the following form:

2ik0n0
∂A
∂z

¼ P1 ·
B
A
· Aþ P3 · A

∂2A

∂x2
þ ∂2A

∂y2
;

−2ik0n0
∂B
∂z

¼ P2 ·
A
B
· Bþ P3 · B

∂2B

∂x2
þ ∂2B

∂y2
: ð4Þ

Considering the first equation in Eqs. (4), a split
step method similar to those described in [17–21]
can be applied. For each propagation step Δz along
the positive z direction, the formal solution of the
first equation in Eqs. (4) can be written as

Aðx;y;zþΔzÞ¼Dxy ·exp
�
−

i
2k0n0

·
ZzþΔz

z

�
P1 ·

B
A
þP3

�
·dz0

�

·Dxy ·Aðx;y;zÞþO½ðΔzÞ3�; ð5Þ

where

Dxy ¼ exp
�
−

iΔz
4k0n0

·
�

∂2

∂x2
þ ∂2

∂y2

��

≅

1 − iΔz
8k0n0

·
�

∂2

∂x2
þ ∂2

∂y2

�

1þ iΔz
8k0n0

·
�

∂2

∂x2
þ ∂2

∂y2

� ð6Þ

using the Cayley form [26–28] of the Crank–
Nicholson scheme.

According to Eq. (5), first the equation

ϕðx; y; zÞ ¼ Dxy · Aðx; y; zÞ ð7Þ

is evaluated by solving the following equation:

�
1þ iΔz

8k0n0
·
�

∂2

∂x2
þ ∂2

∂y2

��
· ϕðx; y; zÞ

¼
�
1 −

iΔz
8k0n0

·
�

∂2

∂x2
þ ∂2

∂y2

��
· Aðx; y; zÞ ð8Þ

to obtain ϕðx; y; zÞ. The practical implementation of
the Crank–Nicholson scheme in Eq. (8) is the same
as that described in [17]. The common finite differ-
ence method [27,28] can be used for discretization
of the differential operators in Eq. (8), and the re-
sulting sparse matrix equation can be solved by
the biconjugate gradients stabilized method (BICG-
STAB) [29]. The zero-value boundary conditions can
be used on the computation window edges.

After obtaining ϕðx; y; zÞ by solving Eq. (8), the
following equation needs to be evaluated:

ϕðx; y; zþΔzÞ ¼ exp
�
−

i
2k0n0

·
ZzþΔz

z

�
P1 ·

B
A
þ P3

�
· dz0

�

· ϕðx; y; zÞ; ð9Þ

and it can be approximated by solving the following
ordinary differential equation:

dϕ
dz

¼ −
i

2k0n0
· ðP1 · Bþ P3 · ϕÞ ð10Þ

from z to zþΔz to obtain ϕðx; y; zþΔzÞwith ϕðx; y; zÞ
as the initial condition at z. Equation (10) can be
solved using the fourth-order Runge–Kutta method.

After ϕðx; y; zþΔzÞ is obtained by solving Eq. (10),
the equation

Aðx; y; zþΔzÞ ¼ Dxy · ϕðx; y; zþΔzÞ ð11Þ

is evaluated by solving the following equation:

�
1þ iΔz

8k0n0
·
�

∂2

∂x2
þ ∂2

∂y2

��
· Aðx; y; zþΔzÞ

¼
�
1 −

iΔz
8k0n0

·
�

∂2

∂x2
þ ∂2

∂y2

��
· ϕðx; y; zþΔzÞ ð12Þ

to obtain Aðx; y; zþΔzÞ, by the same way as that
used for solving Eq. (8).

The approximation for obtaining Eq. (10) can be
understood by the fact that Eq. (9) is rigorously
equivalent to solving the following ordinary differen-
tial equation:
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dϕ
dz

¼ −
i

2k0n0
·
�
P1 ·

B
A
· ϕþ P3 · ϕ

�
ð13Þ

from z to zþΔz to obtain ϕðx; y; zþΔzÞ, with
ϕðx; y; zÞ as the initial condition at z. Comparing
Eq. (13) to Eq. (10), it can be seen that they are
approximately equivalent since ϕ=A ≅ 1 is a good ap-
proximation anywhere from z to zþΔz, and the
higher-order terms in ϕ=A can be neglected in the
context of Eq. (13). The approximation ϕ=A ≅ 1 in
the context of Eq. (13) at both z and zþΔz can be
justified by looking at Eqs. (8) and (12), both of which
are equivalent to a numerical propagation for a dis-
tance of Δz=2 in a uniform medium with an index of
n0. To get a quantitative estimation of the error of
this approximation at both z and zþΔz, the order
of magnitude analysis can be done on both Eqs. (8)
and (12), using a method similar to that described
in [30]. First the following can be obtained [30]:

∂2Aðx; y; zÞ
∂x2

∼
Aðx; y; zÞ

w2 ;
∂2Aðx; y; zÞ

∂y2
∼

Aðx; y; zÞ
w2 ;

∂2ϕðx; y; zÞ
∂x2

∼
ϕðx; y; zÞ

w2 ;
∂2ϕðx; y; zÞ

∂y2
∼

ϕðx; y; zÞ
w2 ;

∂2Aðx; y; zþΔzÞ
∂x2

∼
Aðx; y; zþΔzÞ

w2 ;

∂2Aðx; y; zþΔzÞ
∂y2

∼
Aðx; y; zþΔzÞ

w2 ;

∂2ϕðx; y; zþΔzÞ
∂x2

∼
ϕðx; y; zþΔzÞ

w2 ;

∂2ϕðx; y; zþΔzÞ
∂y2

∼
ϕðx; y; zþΔzÞ

w2 : ð14Þ

where w represents the beam width. This is fine
since the beam width in both the x and y directions
are equal or at least have the same order of magni-
tude for the considered laser beam. In addition, the
change of the beam size over one numerical step of
propagation is small.
As a result, from Eqs. (8) and (12),

ϕðx; y; zÞ
Aðx; y; zÞ ∼

1 − 2iΔz
8k0n0w2

1þ 2iΔz
8k0n0w2

;

ϕðx; y; zþΔzÞ
Aðx; y; zþΔzÞ ∼

1þ 2iΔz
8k0n0w2

1 − 2iΔz
8k0n0w2

: ð15Þ

Considering a case with Δz ¼ 65 μm, w ¼ 30 μm,
λ ¼ 1:064 μm, and n0 ¼ 1:5,

2Δz

8k0n0w2 ≅ 0:002: ð16Þ

In this case, it can be seen from Eqs. (15) and (16)
that ϕ=A ≅ 1 is a good approximation at both z
and zþΔz in the context of Eq. (13). When Δz is de-

creased orw is increased, the accuracy of this approx-
imation becomes even better.

Actually Eqs. (15) can be used as a rough guidance
to determine if the method presented in this paper is
applicable. Generally speaking, when w becomes
even smaller, this method can still be used by prop-
erly setting Δz. On the other hand, when w is too
small, the assumptions used in this paper including
the negligibility of the terms ∂2A=∂z2 and ∂2B=∂z2

may not be valid.
Therefore, to numerically propagate A in the posi-

tive z direction, the first equation in Eqs. (4) is
numerically solved step by step along the positive
z direction. For each propagation step from z to
zþΔz, the split step solution procedure is in the fol-
lowing three steps: (1) a propagation for a distance of
Δz=2 by solving Eq. (8); (2) a propagation for a dis-
tance of Δz by solving Eq. (10), using the output of
the previous step as the input; (3) another propaga-
tion for a distance of Δz=2 by solving Eq. (12), using
the output of the previous step as the input.

When the beam width is large enough, the diffrac-
tion terms (the second-order differentiations with re-
spect to x and y) in Eqs. (2) are negligible, and only
Eq. (10) needs to be solved for each propagation step
from z to zþΔz, and this is exactly the same case as
described in [16].

The numerical propagation of B in the negative z
direction is performed by numerically solving the
second equation in Eqs. (4) step by step along the ne-
gative z direction. For each propagation step from z
to z − Δz, a similar split step solution procedure is
followed.

The iteration procedure between the numerical
propagation of A in positive z direction and the nu-
merical propagation of B in negative z direction is
the same as described in [15] or [16] depending on
the grating strength.

3. Validations

First, an ideal VBG considered in [16] was analyzed
using the method described here. The normal inci-
dence of a TEM00 Gaussian beam with the beam
waist radius of 300 μm at 1=e2 of the axial intensity
was considered. The wavelength satisfying the Bragg
condition is λ ¼ 1:064 μm, n0 ¼ 1:5,Δn ≅ 4:52 × 10−4,
L0 ≅ 2:623mm, and φ ¼ 0. For this VBG the grating
strength, S ¼ ðk0Δn=2ÞL0 ≅ 3:5. The diffraction
length of the considered TEM00 Gaussian beam is
much larger than the thickness of the VBG. Similar
to [16], the considered VBG was divided into four
parts with the same thickness along z axis to assure
convergence of the iteration of the beam propagation
calculation. A square transverse computation win-
dowwas used withwx ¼ wy ¼ 2:0mm, the transverse
step sizesΔx ¼ Δy ≅ 33:3 μm, and the step size along
the z axis isΔz ≅ 32:79 μm. The zero-value boundary
conditions were used on the computation window
edges.

Shown in Fig. 2(a) is the plot of the numerically
calculated reflectance for the total laser power versus
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the deviation from the Bragg wavelength, together
with the analytically calculated reflectance for the
intensity for a normally incident plane wave using
coupled wave theory [1]. From Fig. 2(a), it can be seen
that the agreement is good. This is expected since the
diffraction length of the considered normally incident
TEM00 Gaussian beam is much larger than the thick-
ness of the considered VBG.
Second, the same situation as above was consid-

ered except that a z-dependent background index
change was added, which can be written as ΔnT ¼
ð5×10−4Þ · ð2z=L0 −1Þ2. Again this z-dependent back-

ground index change is the same as that considered
in [16]. Since the diffraction length of the considered
TEM00 Gaussian beam is much larger than the thick-
ness of the VBG, its performance shall be almost the
same as that using a plane wave input as presented
in [16]. Shown in Fig. 2(b) is the plot of the numeri-
cally calculated reflectance for the total laser power
versus the deviation from λ ¼ 1:064 μm, together
with the calculation for the same nonuniform VBG
using a plane wave input presented in [16]. From
Fig. 2(b) it can be seen that the agreement is good.

4. Example Calculations

Now the normal incidence of a TEM00 Gaussian
beam with a beam waist radius of 30 μm at 1=e2 of
the axial intensity is considered. At the input plane,
A is

Ainput ¼ A0 · exp
�

−
x2 þ y2

w2
0

�
; ð17Þ

where A0 has the dimension of V=m, since the for-
mulation in Eqs. (2) (similarly the formulation
presented in [15,16]) was derived based on electric
field for convenience. w0 ¼ 30 μm. Therefore, the
beam waist of the input Gaussian beam is right at
the input plane (z ¼ 0). The wavelength satisfying
the Bragg condition is λ ¼ 1:064 μm, n0 ¼ 1:5, Δn ≅

2:371 × 10−4, L0 ¼ 5mm, and φ ¼ 0. For this VBG
the grating strength, S ¼ ðk0Δn=2ÞL0 ≅ 3:5. Again
the considered VBG was divided into four parts with
the same thickness along the z axis to assure conver-
gence of the iteration of the beam propagation calcu-
lation. A square transverse computation window was
used with wx ¼ wy ¼ 800 μm, the transverse step
sizes Δx ¼ Δy ≅ 5:33 μm, and the step size along theFig. 2. (a) Numerically calculated reflectance for the total laser

power versus deviation from the Bragg wavelength at λ ¼
1:064 μm for the normally incident Gaussian beam with a beam
waist radius of 300 μm (stars), together with the analytically cal-
culated reflectance for the intensity for a normally incident plane
wave using coupled wave theory [1] (open circles). (b) Plot of the
numerically calculated reflectance for the total laser power versus
the deviation from λ ¼ 1:064 μm for the normally incident
Gaussian beam with a beam waist radius of 300 μm (stars), to-
gether with the calculated reflectance for the intensity for the
same nonuniform VBG using a plane wave input presented in
[16] (open circles).

Fig. 3. Numerically calculated reflectance for the total laser
power versus deviation from the Bragg wavelength at λ ¼
1:064 μm for a normally incident Gaussian beam with a beam
waist radius of 30 μm (stars), together with the analytically calcu-
lated reflectance for the intensity for a normally incident plane
wave using coupled wave theory [1] (open circles).
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z axis is Δz ¼ 62:5 μm. The zero-value boundary con-
ditions were used on the computation window edges.
Shown in Fig. 3 is the plot of the calculated re-

flectance for the total laser power versus deviation
from λ ¼ 1:064 μm. For comparison, the analytically
calculated reflectance for the intensity for a normally
incident plane wave using coupled wave theory [1] is
also plotted in Fig. 3. From Fig. 3 it can be seen that,
for the input Gaussian beam with a beam waist
radius of 30 μm, the performance of the considered
VBG is different from that using a plane wave input
beam. This difference is due to the contribution of the

diffraction terms (the second-order differentiations
with respect to x and y) in Eqs. (2), which cannot
be neglected when the transverse size of the input
beam is small enough. A similar change of the reflec-
tance with the transverse beam size was previously
analyzed in [4].

Shown in Fig. 4 are the plots of the field amplitude
patterns for the reflected output beams at several dif-
ferent wavelengths. From Fig. 4 it can be seen that
the field amplitude patterns of the reflected output
beams at these different wavelengths are different.
Again, this is due to the small transverse beam size

Fig. 4. (Color online) Field amplitude patterns of the calculated output beams at z ¼ 0. (a) jBj on the x axis for y ¼ 0 for
λ ¼ 1064nmþ 0:1nm; (b) jBj on the x–y plane for λ ¼ 1064nmþ 0:1nm; (c) jBj on the x axis for y ¼ 0 for λ ¼ 1064nm − 0:1nm; (d) jBj
on the x–y plane for λ ¼ 1064nm − 0:1nm; (e) jBj on the x axis for y ¼ 0 for λ ¼ 1064nm; (f) jBj on the x–y plane for λ ¼ 1064nm. The
dotted lines in (a), (c), and (e) represent jAinputj for the input Gaussian beam. All the plots are scaled for comparison. The wavelengths
chosen for this figure are also indicated in Fig. 3 by arrows.
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