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Abstract

The piezospectroscopic (PS) properties of chromium-doped alumina allow for embedded inclusion mechanics to be revisited with
unique experimental setups that probe the particles’ state of stress when the composite is under applied load. These experimental
investigations of particle mechanics will be compared to the Eshelby theory and a derivative theory. This work discovers that simple
nanoparticle load transfer theories are adequate for predicting PS properties in the low to intermediate volume fraction range
(620%). By applying the multiscale mechanics to a PS response, the inverse problem was demonstrated to reveal the elastic modulus
of the composite. The implications for this technique are damage monitoring through observation of reduced mechanical properties
in addition to a method to assist with engineering nanomaterials.
� 2014 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

Piezospectroscopy is a technique to measure stress using
the spectral emissions of a material. This has been com-
monly applied to ruby as pressure sensors for diamond
anvil cells [1], and indicators of residual stress build up in
the alumina oxide layer of thermal barrier coatings [2].
Recent efforts that introduced photoluminescent alumina
nanoparticles as a constituent into a matrix material have
shown them to enhance the stress sensitivity of the resulting
nanocomposite [3]. Such non-invasive measurements of
microscale stresses with multiscale spatial resolution assist
in the engineering of advanced nanocomposites. Although
such PS measurements are only possible when there are
embedded inclusions which exhibit intrinsic PS properties,
the insights gained from measurements using these
materials can be used to obtain a greater understanding
http://dx.doi.org/10.1016/j.actamat.2014.08.003
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of particulate composites mechanics. Similar works studied
the strength of alumina and sapphire fiber bundles by
quantifying the volume of damaged to undamaged fibers
using piezospectroscopy [4]. Here, a unique combination
of piezospectroscopic (PS) and particulate mechanics is
presented that enables the determination of nanocomposite
elastic properties.

Particulate nanocomposites have shown great promise
for future applications because the intrinsic size effect
produces enhanced mechanical properties [5]. One of the
many types of nano- or microinclusions that have been
used in developing nanocomposites is ceramic particles
such as alumina, which has high hardness and excellent
retention of strength at high temperatures [6]. The trace
amounts of Cr3+ impurities in alumina afford excellent
PS properties [7]. In general, when the particles are added
to a matrix they increase the fracture toughness, wear
resistance and elastic modulus with respect to unfilled
matrix. However, there are many microstructural factors
eserved.
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Table 1
Experimental PS coefficients ðPcÞ for R1 and R2 peaks [3,20].

Volume fraction % R1 cm�1/GPa R2 cm�1/GPa

5 �3.16 �2.60
20 �3.34 �3.19
25 �3.65 �3.42
34 �4.10 �3.88
38 �5.63 �5.08
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to consider when evaluating the performance. These fac-
tors include particle size [8–11], particle shape [12,13], sur-
face treatment [11,12,14,15] and dispersion [9]. These
factors are not limited just to alumina composites but also
apply to particulate composites in general.

The application of piezospectroscopy could supply an
enhanced understanding of the micromechanics of particu-
late composites. The ability to experimentally probe the
stresses and strains of the particle phases has been limited
to less accessible high energy X-ray [16] and neutron [17]
diffraction techniques. Therefore, much of the design of
these composites depend on the bulk strain response of
the composite from strain gage or computational simula-
tions of the nanocomposite. Previous results have shown
that the complex micromechanics of alumina plasma-spray
coatings under in situ mechanical loading was revealed
with piezospectroscopy in great detail when compared to
a conventional bulk strain measurement [18]. In addition,
piezospectroscopy can point out micron-level structural
defects in such materials with its capability of high spatial
resolution [19].

This investigation begins with an effort to analytically
replicate the experimental PS coefficients of alumina–epoxy
nanocomposites from a combination of previous works
[3,20] where increasing the volume fraction of alumina
resulted in enhanced sensitivity of the PS properties. The
state of stress obtained by the PS measurements will be dis-
cussed along with the approach of comparing it with theo-
retical calculations. A generalized method of calculating
stresses of the embedded inclusions will be presented which
was inspired by the works of Kim [21]. Then the applica-
tion of multiscale mechanics will be shown to convert
nanoparticle stresses from piezospectroscopy into elastic
property calculations of the bulk composite.

2. Experimental background

When under compressive load, the spectral emissions of
the Cr3+ doped polycrystalline alumina have been shown
(a)

(b)

Fig. 1. (a) A schematic representing hyperspectral imaging of a PS nanocom
downshifts with compressive loading and (c) the composite PS coefficient ðPc
to exhibit negative wavenumber shifts [7,22]. This trend is
also observed when the alumina is distributed as nanopar-
ticles within an epoxy matrix, as illustrated in Fig. 1a and
b. The rate of this wavenumber shift is much higher for
the nanocomposites, indicating increased PS sensitivity.
This was quantified directly by the experimental works of
Stevenson [3], and then later it was substantiated by testing
additional volume fractions [20]. The PS sensitivity of the
composite can be quantified by the PS coefficient ðPcÞ
and defined as the rate of PS shift per applied uniaxial
external stress to the composite, as illustrated in Fig. 1c.

The PS coefficient for bulk polycrystalline alumina
under uniaxial compression has been recorded to be
2.54 cm�1/GPa [7]. Recent work has established the PS
coefficients for alumina–epoxy nanocomposites for differ-
ent volume fractions of alumina, and these are shown in
Table 1 [3,20]. The experiments were conducted with alu-
mina nanoparticles (150 nm) embedded in an EPON 826
epoxy matrix. The samples were manufactured as parallel-
epipeds, using ASTM standard D695 [23].

The wavenumber shifts of the PS response are usually
very small (� 1cm�1) for conventional mechanical tests.
However, pseudo-Voigt curve-fitting algorithms can
resolve even smaller changes in peak position with a stan-
dard deviation less than 0.01 cm�1 [3,24]. A systematic
uncertainty with a stress measurement of 200 MPa gives
an error of 0.05 cm�1/GPa for the composite PS coeffi-
cients in Table 1. Details on the experimental setup used
to obtain results in Table 1 are found elsewhere [25].
(c)

posite under compressive loading, (b) the corresponding peak position
Þ relating a peak position shift with applied stress.
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3. Piezospectroscopic nanocomposite mechanics

Here, the PS relationships are explored to establish how
they can be integrated with inclusion mechanics. The PS
shifts of the photoluminescent (PL) R-lines for polycrystal-
line Cr-doped alumina ðDmÞ have been correlated in the lit-
erature to the first stress invariant rii by the PS coefficient
1
3
Pii in Eq. (1) [7]. For the stress sensitive peaks, Pii has a

value of 7.59 and 7.62 cm�1/GPa for R1 and R2 in
polycrystalline alumina respectively [7]. When uniaxial
stress ðraÞ is applied to an alumina polycrystal, Eq. (1) will
give a PS coefficient of 2.54 cm�1/GPa and the response is
illustrated in Fig. 2:

Dm ¼ 1

3
Piirii ð1Þ

When an embedded polycrystalline alumina particle is
within a matrix and uniaxial stress ðraÞ is applied to the
composite, the inclusion mechanics create an equibiaxial
state of stress on the inclusion. Because the alumina
nanocomposite’s PS coefficients ðPcÞ are larger than bulk
alumina polycrystal, as observed in Table 1, this leads to
the conclusion that the first invariant of stress is also
larger for the embedded particle than its bulk counter-
part. If the uniaxial stress ra was applied as pressure to
the particle on all principal axes, then the observed PS
coefficient would be even greater than all of the observed
uniaxial PS coefficients for the nanocomposites, as
illustrated in Fig. 2.

It is noteworthy that all the Pc values fall between Pii

and Pii
3

. It is hypothesized that these values may act as
upper and lower limits for Pc because they represent
idealized configurations.

The PS shift of an alumina–epoxy nanocomposite is
shown in Eq. (2). To understand the relationships between
the nanocomposite response with the ideal configurations
of the bulk counterpart, Eqs. (1) and (2) are incorporated
into Eq. (3):
Fig. 2. The Piezospectroscopic relationships for di
Dm ¼ Pcra ð2Þ
1
3
rii

ra
¼ Pc

Pii
ð3Þ

Eq. (3) is an important expression that reveals a direct
measure of the first invariant of the particle with the exper-
imental PS coefficient. The left-hand side can be used to
correlate theoretical models to experimentally measured
PS coefficients on the right-hand side. The left-hand side,
which is the rate of hydrostatic stress induced on the
particle per uniaxial stress on the composite, will hence-
forth be termed the stress ratio.

3.1. Analytical formulation

The stress ratio defined in the previous section can be
predicted using inclusion mechanics, which determines
the stress in the particle through analytical or numerical
techniques. Here, the classical Eshelby model for dilute sys-
tems [26] was used to estimate the stress ratio. The Eshelby
model used here has several assumptions, as follows: (i) a
single particle is embedded in an infinite matrix (infinitesi-
mal volume fraction); (ii) the nanoparticle is perfectly
spherical; (iii) perfect bonding occurs between the nanopar-
ticle and the matrix; and (iv) both the nanoparticle and the
matrix phase are isotropic. This basic model, despite its
many assumptions, was shown in previous work to be clo-
sely correlated to the experimental data obtained for the
lowest volume fraction of 5% [27].

The formulation [28] is based on a spherical particle (p)
embedded within an isotropic matrix (m). The stress inside
the particle ðrpÞ can be calculated from multiple strain
terms shown in Eqs. (4)–(6), where e; eo and e� represent
the strain disturbed by the filler, the mechanical strain of
the matrix from applied load and the equivalent eigenstrain
of the inclusion problem, respectively. Additionally, C and
S represent the stiffness and Eshelby tensors, respectively
[28].
fferent loading conditions of a PS constituent.
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e ¼ Se� ð4Þ
eo ¼ ðCmÞ�1rm ð5Þ
e� ¼ �½ðCp � CmÞS þ Cm��1ðCp � CmÞðCmÞ�1rm ð6Þ

Finally, by using the above strain terms, the stress inside
the filler can be computed from the applied stress to the
matrix using Eq. (7) [28]:

rp ¼ Cmðeo þ e� e�Þ ð7Þ
From here, the dilute Eshelby equations from the litera-

ture [28] were modified for correlation with piezospectros-
copy. The first step is to combine the three different
components of strain into Eq. (7). Then, with the applica-
tion of Hooke’s law, the expression can be rearranged to
relate the strain tensors between the particle and matrix
in Eq. (8) by a fourth-order tensor F in Eq. (9):

F �m ¼ �p ð8Þ
F ¼ ðCpÞ�1Cm½I �ðS� IÞ½ðCp�CmÞSþCm��1ðCp�CmÞ� ð9Þ

This simplified relationship can be viewed in Voigt nota-
tion in Eq. (10). The scalar components that make up the
fourth-order tensor F can be shown to relate the first strain
invariants between the particle and composite phases in
Eq. (11), and is a function of the elastic properties of both
matrix and particle in Eq. (12). Since the first invariant of
stress and strain are proportional by the bulk modulus
ðrii ¼ 3K�iiÞ, a similar expression can be shown to relate
the first stress invariants of the two particles in Eq. (13)
to give the stress ratio:

F ¼

F 1 F 2 F 2 0 0 0

F 2 F 1 F 2 0 0 0

F 2 F 2 F 1 0 0 0

0 0 0 F 3 0 0

0 0 0 0 F 3 0

0 0 0 0 0 F 3
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Fig. 3. The theoretical Eshelby [26,28] model predicting the PS properties for
[20] and Stevenson [3].
ðF 1 þ 2F 2Þ�m
ii ¼ �

p
ii ð11Þ

�p
ii

�m
ii
¼ �3Emð2mp � 1Þðmm � 1Þ
ð2mm � 1Þð2Em þ Ep � 4Emmp þ EpmmÞ ð12Þ

rp
ii

rm
ii
¼ �3Epðmm � 1Þ

2Em þ Ep � 4Emmp þ Epmm
ð13Þ

It is noteworthy that both expressions are functions of
material properties of the host matrix and embedded parti-
cles. The stress-based expression in Eq. (13) will be used to
simulate the effects of volume fraction for comparison to the
experimental PS coefficients from the works of Ergin [20]
and Stevenson [3]. The strain based expression in Eq. (12)
will be used to calculate material properties of an alu-
mina–epoxy nanocomposite when the observed PS response
is referenced to a secondary strain gage measurement.

4. Simulating volume fraction effects

The dilute Eshelby equations represent an infinitesimal
volume fraction and will be used to estimate the PS coeffi-
cient of a composite. Using the material properties of the
inclusion phase of a-Al2O3 (Ep = 300 GPa, mp = 0.2) and
an isotropic matrix phase of EPON 862 (Em = 2.41 GPa,
mm = 0.4), the stress ratio can be calculated and compared
to the experimental data. Using Eq. (3) and observing
Fig. 3, the comparison shows that the Eshelby model accu-
rately predicts the smaller volume fraction’s stress ratio.

However, this dilute Eshelby model only takes into
account an infinitesimal volume fraction because of the
first assumption stated earlier. Eshelby modified his own
dilute assumption for a non-dilute case. This non-dilute
Eshelby model uses a different eigenstrain, which is now
a function of volume fraction f in Eq. (14) [28]:

e� ¼ �½ðCm � CpÞðS � f ðS � IÞ � Cm��1�ðCm � CpÞðCmÞ�1rm

ð14Þ

From inspection of Fig. 3, the non-dilute Eshelby
diverges away from experimental data for higher volume
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a composite and compared to experimental data from the works of Ergin



G. Freihofer et al. / Acta Materialia 81 (2014) 211–218 215
fractions. It is observed that the predicted stress ratio of the
non-dilute Eshelby model approaches 1

3
. This is because a

bulk polycrystalline alumina under uniaxial stress would
show a third as much PS sensitivity compared to when
the pressure is applied in a hydrostatic fashion. This con-
cept was previously illustrated in Fig. 2. Fig. 3 shows that
the experimental stress ratios continue to increase with
increasing volume fraction. This creates a motivation for
adapting modified Eshelby solutions to more accurately
predict the PS properties of composites for higher volume
fractions.

There are many different models in the literature for esti-
mating equivalent composite properties for varying volume
fractions [29–34], but estimating the stress sustained by the
particle requires an alternative approach. The goal is to use
equivalent composite property models to better predict the
PS properties for varying volume fraction. This was moti-
vated by the work of Kim [21], who developed his own iter-
ative technique to predict composite properties, but here it
will be taken a step further by demonstrating that any
equivalent composite property model can be applied to
predict the stress of the embedded inclusion.

Kim et al. [21] created an iterative programming loop
that adds infinitesimal volume fractions and iterates new
equivalent matrix properties for increasing volume frac-
tions. This technique is referred to as successive embed-
ding. The framework of this technique is described in the
literature [21]. It is based on an assumption that the
Eshelby equations can be used with the matrix properties
replaced by equivalent composite properties.

Here, Kim’s successive embedding technique was recre-
ated to obtain the stress ratio of the composite in order to
predict the PS properties of the composite. The results are
plotted with the experimental data in Fig. 5. The method
was successful in predicting PS properties for low and
intermediate volume fractions 620% with good accuracy.
Fig. 4. A modified Esheby scheme which has the potential to com
At volume fraction of 38% alumina, the experimental
results show a dramatic increase in the stress ratio that
deviate from the current model.

To continue the development of these load transfer
models, an alternative and more general method of modi-
fying the Eshelby theory is proposed. This new method
would be compatible with different prediction schemes, as
shown in Fig. 4. A different equivalent composite property
model could be treated as the new inputs for the dilute
Eshelby equations.

The equivalent composite properties model chosen to
demonstrate the method illustrated in Fig. 4 was the
Mori–Tanaka method [35,36]. This model was chosen
because it assumes that the composite is isotropic and con-
tains randomly distributed spherical inclusions. The equa-
tions which govern this model are given below. K and G

represent the bulk and shear moduli,respectively, of the
matrix (m) and the particle (p), with a particle volume frac-
tion f [35].

Gc ¼ Gm þ fGmðGp � GmÞ
Gm þ b1ð1� f ÞðGp � GmÞ ð15Þ

Kc ¼ Km þ fKmðKp � KmÞ
Km þ b2ð1� f ÞðKp � KmÞ ð16Þ

where

b1 ¼
2ð4� 5mmÞ
15ð1� mmÞ and b2 ¼ 3� 5b1 ð17Þ

It is desired that the Elastic modulus and Poisson’s ratio
are the two independent properties which describe the iso-
tropic properties of the composite because these are stan-
dard parameters from measurements performed in
materials testing. This is done so by Eq. (18).

Ec ¼ 9KcGc

3Kc þ Gc mc ¼ Ec

2Gc � 1
ð18Þ
bine any material properties prediction model for composites.
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Fig. 5. The equivalent composite properties model utilizing the Mori–Tanaka equations [35] compared to Kim’s method [21], non-dilute Eshelby [28], and
experimental data from Ergin [20] and Stevenson [3].
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Now, the Mori–Tanaka equivalent composite property
model will be combined with the dilute Eshelby model
using the process illustrated in Fig. 5. The results are very
similar to the successive embedding method of Kim. The
benefits of this general method are that it is flexible enough
to apply a variety of different equivalent composite prop-
erty models from the literature and also provides a direct
approach to solving the stress ratio without an iterative
solution.

From the current results shown in Fig. 5, all analytical
models still underpredict the stress in the particles com-
pared to what was experimentally observed for high vol-
ume fractions (P20%). The effect of microstructural
features and contact stresses present at higher volume frac-
tions could potentially contribute to this difference. Alter-
native methods to analytically predicting the stress in the
nanoparticles are possible through finite element models
(FEMs) [37–39]. By use of an FEM of the nanoparticle sys-
tem, insights may be gained as to what specific microstruc-
tural feature leads to this dramatic increase in the stress
ratio for higher volume fractions. Exploring these options
and applying a wide variety of equivalent composite prop-
erty models to the method proposed here provides room
for future work.

5. The inverse problem

With the PS properties estimated using composite
mechanics, the inverse solution will now take the PS
response from a composite to infer the material properties
of the bulk nanocomposite. A previous experiment con-
ducted by Ergin [20] examined the intermediate to higher
volume fraction range with 20%, 30% and 34% volume
fraction alumina. This is the range of volume fractions
where a large increase in PS sensitivity is expected to occur
[3]. In addition to reporting the PS coefficients, Ergin also
deployed strain gages to measure the elastic modulus of the
nanocomposites. Therefore, the inverse problem was only
applied to the three volume fractions with complementary
strain gage data in order to compare the elastic modulus
measured by conventional means.

When the PS shift is measured against a strain gage
measurement ð�1Þ, the transformation between the two
measurements can be shown to be a combination of ratios
in Eq. (20). This relationship is usually defined as the com-
posite’s PS coefficient ðPcÞ.

Dm ¼ Dm
�p

ii

�p
ii

�c
ii

�c
ii

�c
1

�c
1 ¼ Pc�

c
1 ð19Þ

The first ratio describes the PS mechanics which can be
obtained by converting the first stress invariant in Eq. (1)
into the first strain invariant by the particle’s bulk modulus
(Kp).

Dm
�p

ii
¼ KpPii ð20Þ

The next ratio in the transformation is from the particle
mechanics. In the previous section it was first shown that
the PS coefficient is a function of material properties of
the particle and host matrix, then it was demonstrated that
the material properties of the matrix can be replaced by
equivalent mechanical properties of the matrix for greater
accuracy. Therefore, Eq. (12) can be rewritten as Eq.
(21), which includes the nanocomposites mechanical
properties:

�p
ii

�c
ii
¼ �3Ecð2mp � 1Þðmc � 1Þ
ð2mc � 1Þð2Ec þ Ep � 4Ecmp þ EpmcÞ ð21Þ

The last ratio is the transformation of the first strain
invariant of the particle to the uniaxial strain measured
by the strain gage. The samples were manufactured under
ASTM standard D-695 for compression of rigid plastics
[23], which conventionally assumes uniaxial stress.
However, this assumption requires a prediction of the com-
posite’s Poisson’s ratio ðmcÞ. An assumption of uniaxial
strain enables the removal of the Poisson’s effect and allows
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for an alternative expression. The last ratio under the
assumptions of uniaxial stress and strain are shown sepa-
rately in Eq. (22):

�c
ii

�c
1

¼ 1� 2mc;
�c

ii

�c
1

¼ 1 ð22Þ

The combined expression with all of the ratios is a func-
tion of the material properties for the equivalent bulk com-
posite and the particle. The material properties of the
particles are known and chosen to be identical to its bulk
counterpart [6], which removes all the variables associated
with the particle, including Ep; Kp; mp and Pii. The com-
posite’s PS coefficient Pc is experimentally measured,
which leaves only the equivalent composites material prop-
erties Ec and mc. Eq. (20) can be rearranged for a direct
solution of the composites elastic modulus for the uniaxial
stress and strain states in Eqs. (23) and (24), respectively:

Ec ¼ �EpPcðmc þ 1Þ
½2Pc þ 3KpPiið1� mcÞ�ð2mp � 1Þ ð23Þ

Ec ¼ �EpPc

ð2Pc þ 3KpPiiÞð2mp � 1Þ ð24Þ

Both calculations of the composite’s elastic modulus
were performed and plotted in Fig. 6, along with the con-
ventional strain gage load cell calculated modulus and also
the prediction with the Mori–Tanaka method. For the uni-
axial stress case, mc needs to be estimated, which introduces
significant uncertainty because it was estimated using the
Mori–Tanaka approach. With the multiscale mechanics
applied to the PS response, calculations of material proper-
ties were obtained with good accuracy when compared to
the conventional methods.

6. Conclusion

This work investigated PS properties of nancomposites.
Inclusion mechanics based on the Eshelby theory proved to
accurately predict the PS properties of nanocomposites for
low volume fractions. A modification to the Eshelby model
extended the prediction capabilities to intermediate volume
fractions (620%). This involved combining the dilute
Eshelby equations with existing equivalent mechanical
property models.

With the mechanics demonstrating the ability to predict
PS properties, the inverse problem was solved. This
included interpreting the PS response to infer the mechan-
ical properties of the bulk composite. Equations were
derived which showed the relationships between the elastic
modulus and the observed PS response. The results showed
that the elastic modulus of the composite calculated from
the PS response agreed well with conventional methods,
such as strain gage and load cell data.

The ability to obtain material properties from the PS
response is a significant contribution to the field. The spa-
tial capabilities with piezospectroscopy enables the detec-
tion of locally damaged regions which contain reduced
material properties. Mapping local material properties
has implications for damage assessment in materials and
can assist in the design of advanced nanocomposites.
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