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Materials with a large nonlinear refractive index (n2) and relatively small linear and nonlinear absorption losses,
namely, two-photon absorption (2PA, of coefficient α2), have long been sought after for applications such as all-
optical switching (AOS). Here we experimentally determine the linear and 2PA properties of several organic
molecules, which we approximate as centrosymmetric, and use a simplified essential-state model (quasi-three-level
model) to predict the dispersion of n2. We then compare these predictions with experimental measurements of n2
and find good agreement. Here “quasi”-three-level means using a single one-photon allowed intermediate state
and multiple (here two) two-photon allowed states. This also allows predictions of the figure-of-merit (FOM),
defined as the ratio of nonlinear refractive phase shift to the 2PA fractional loss, that determines the viability for
such molecules to be used in device applications. The model predicts that the optimized wavelength range for a
large FOM lies near the short wavelength linear absorption edge for cyanine-like dyes where the magnitude of n2
is quite large. However, 2PA bands lying close to the linear absorption edge in certain classes of molecules can
greatly reduce this FOM. We identify two molecules having a large FOM for AOS. We note that the FOM is often
defined as the ratio of real to imaginary parts of the third-order susceptibility (χ �3�) with multiple processes
leading to both components. As explained later in this paper, such definitions require care to only include
the 2PA contribution to the imaginary part of χ �3� in regions of transparency. © 2016 Optical Society of America

OCIS codes: (190.0190) Nonlinear optics; (300.6420) Spectroscopy, nonlinear; (160.4330) Nonlinear optical materials; (190.4710)

Optical nonlinearities in organic materials; (270.0270) Quantum optics; (300.2530) Fluorescence, laser-induced.
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1. INTRODUCTION

Organic molecules have been widely studied for their appli-
cability in nonlinear optical devices for all-optical switching
(AOS) [1–5]. Most devices proposed for AOS require that
there is relatively large nonlinear refraction (NLR) while keep-
ing the optical losses to a minimum. In the spectral regions of
interest, e.g., the telecommunication bands, a dominant loss
mechanism is two-photon absorption (2PA) [6]. Although
large 2PA is necessary for applications in microfabrication
[7,8], optical data storage [9,10], bioimaging [11,12], and

optical power limiting [13,14], the prevalence of 2PA is detri-
mental when trying to transmit power through an AOS device
[15]. Hence, organic molecular systems appropriate for AOS
should possess a large figure-of-merit (FOM) which, for our
purposes, is defined as the ratio of nonlinear refractive phase
shift, Δϕ � k0n2IL, to the transmission loss due to 2PA,
α2IL. Here, k0 is the wavenumber defined as 2π∕λ0 with λ0
being the wavelength, n2 is the nonlinear refractive index,
I is the irradiance, L is the sample thickness, and α2 is the
2PA coefficient. Thus, the FOM is defined as 2k0n2∕α2,
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where the factor of 2 is added to be consistent with other def-
initions [1].

A great deal of research has been devoted to identifying
structure-property relations in a wide variety of organic systems
[16–21]. For instance, the nonlinearities of long polymethine
dyes can be enhanced significantly by attaching highly delocal-
ized terminal end groups [1], and intramolecular charge-
transfer of chromophores can be enhanced through modifying
donor–acceptor substitutions [22,23]. In order to determine
structure-property relations for third-order nonlinearities, it
is necessary to determine both the spectra of 2PA and the
dispersion of n2. While the 2PA spectra can be rapidly ob-
tained by methods such as two-photon induced fluorescence
[24] and pump–probe spectroscopy [25], the measurement of
the dispersion of n2 is typically more challenging and time con-
suming. Thus, it is desirable to be able to predict the dispersion
of n2 from the 1PA and 2PA spectra.

In this work we experimentally investigate the 2PA spectra
and NLR dispersion of n2 for several organic dyes approxi-
mated as centrosymmetric molecules using a variety of nonlin-
ear spectroscopic techniques. Using a simplification of the
so-called “sum-over-states” (SOS) model, here relying on a
quasi-three-level system, we extract the physical parameters
of transition dipole moments, linewidths, and transition ener-
gies from the linear absorption and 2PA spectra to calculate
the dispersion of the third-order susceptibility of the material,
thus predicting the dispersion of n2. By comparing our exper-
imental measurements of n2 with these predictions, we show
that this simplified model can predict the dispersion of n2
and be used as a tool to determine the FOM of materials
for various applications.

2. ESSENTIAL-STATE MODEL

The standard process to describe the dispersion of the bound-
electronic nonlinearity of organic molecules is the SOS model
first proposed in [26] and expounded upon in [27]. This
quantum-mechanical perturbation theory derived model takes
into account the ground state along with all possible excited
states, their corresponding transition dipole moments, dif-
ferences in dipole moments, and differences in state energies.
While organic molecular systems can contain a large number
of excited states [2], a very useful simplification to the full
SOS model, named the essential-state model, was presented
in [28] that uses only a few low-lying energy states, which
are critical in determining the 2PA spectrum and the dis-
persion of n2 in a molecular system. The spectral behavior
of many organic systems with permanent dipole moments
can be described by as few as two states [29–31], but the two-
level essential-state model breaks down for symmetric systems
(possessing zero permanent dipole moments). In this case,
at least a third energy state is required to describe the third-
order nonlinearity [32]. Here we present data on several mol-
ecules where their permanent dipole moments are small or
zero. We justify approximating these as centrosymmetric in
Section 3.

For the specific case of centrosymmetric molecules in which
there is no permanent dipole moment, the microscopic second
hyperpolarizability γ can be written as a function of the angular

frequency ω as [27,31,33] (see Appendix B for discussion of
molecules with permanent dipole moments):
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where ℏ is the reduced Planck’s constant and i, j, k, and l are
the molecular axis coordinates. Here we have used a power
series expansion to describe the induced dipole moment [33],
which is the value discussed in the original SOS formalism [27].
Furthermore, unless otherwise noted, mks (m, kg, and s) units
are used throughout this paper. The subscripts p, q, and r re-
present the frequencies of the applied electric fields and thus
describe the photon energies. The typical averaging that is per-
formed over the permuted fields is addressed later by Eq. (6).
The complex frequency ω̄lg � ωlg − iΓlg defines the resonant
transition frequency between states g and l (i.e., l � υ; n, or
m), where ωlg is the frequency and Γlg is the damping factor
related to the linewidth of the transition and the “*” denotes the
complex conjugate. The transition dipole moments μgl and
μll 0 , defined as hgjμjli and hljμjl 0i, describe the transition
between g and l and the transition between the different states
l 0, respectively.

Since we consider only three essential states, the states cor-
responding to subscripts υ, n, and m refer to either the first
excited state (intermediate state), which we will denote as e,
or the final state, denoted as e 0. Thus, the model presented
in Eq. (1) for the case of centrosymmetric molecules uses
the ground state g and the first excited state e with opposite
symmetry, and the state e 0 with the same symmetry as the
ground state, known as a 2PA state. Here the normal dipole
allowed selection rules apply and the symmetry of the states
is well described by even (gerade) and odd (ungerade) parity.
It thus follows that the transition dipole moments are defined
as μge and μee 0 for the transition between the ground state g and
first excited state e and states e and 2PA state e 0, respectively,
while the resonant frequencies are expressed as ωeg and ωe 0g
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corresponding to the intermediate state transition frequency
and the 2PA state transition frequency, respectively. To describe
systems with multiple 2PA states, additional states e 0�n� are in-
cluded in Eq. (1), i.e., the same intermediate state is used.
Thus, this model is referred to as a quasi-three-level model
when accounting for multiple 2PA states. For the molecules
presented here we use two 2PA states.

Thus, in terms of the quasi-three-level model for centrosym-
metric molecules, Eq. (1) can be rewritten as
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where the summation over e 0 includes the possibility of multi-
ple 2PA states. The allowed transitions are shown in Fig. 1.

Note that the summation over e 0 in Eq. (2) involves terms of
the form μee 0 signifying a two-photon transition from the
ground state g to the 2PA state e 0 and, thus, are aptly named
T-terms and have resonances for photon frequencies of ωe 0g∕2
and ωeg . The last four terms in Eq. (2) only involve μge and
produce a negative contribution to γ in the region of interest
and are thus named the N-terms with a resonance at ωeg . This
negative contribution to γ is unphysical when describing 2PA

outside of the linear absorption region and are thus ignored as
later described in Section 4.

3. RELATING THE HYPERPOLARIZABILITY TO
THE MACROSCOPIC 2PA AND NLR
COEFFICIENTS

The measured quantities n2 and α2 are macroscopic quantities
and as such we first need to relate the microscopic γ to the
macroscopic third-order susceptibility χ�3� by use of the
following,

χ�3� � ϵ−10 Nf �3�γavg; (3)

where ϵ0 is the permittivity of vacuum, N is the number
density of molecules, and f �3� is the third-order local field fac-
tor defined as 1

34
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ωq � ωr� � 2�, where ϵr is the relative permittivity of the
medium (e.g., the solvent in which the solute is dissolved)
[33]. Furthermore, the measured quantities in solution are
orientationally averaged quantities so that
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Most linear π-conjugated molecules such as several of those
under investigation in this work show a maximum nonlinear
polarizability along their π-conjugation chain, with a negligible
contribution perpendicular to the chain. Therefore, in isotropic
solutions, the nonlinear response of the molecule is usually de-
termined by the nonlinear polarizability along its π-conjugation
chain, averaged by the random orientation of the solute mol-
ecules in the solution. Thus, while such molecules are not fully
symmetric in three dimensions, if they are symmetric along the
long axis they may be treated as centrosymmetric in terms of
their nonlinear optical response. Here, we arbitrarily denote
this as the x-axis. With these simplifications, Eq. (3) can be
rewritten as

χ�3� � 1

5
ϵ−10 Nf �3�γxxxx : (5)

Also, since we are considering the response along only one
molecular axis, i.e., γxxxx , the transition dipole moments are
only defined along that axis (i.e., μ ≡ μx). The ordering of
the fields for self-action nonlinearities in Eq. (2) yields ωp �
ωq � ωr � ω and, thus, the dispersive quantity γ̂ is introduced
to describe the averaging due to the permutations of the fields:

γ̂�ω�

�γxxxx�ω;ω;ω;−ω��γxxxx�ω;ω;−ω;ω��γxxxx�ω;−ω;ω;ω�
3

:

(6)

Note that this is the quantity that is directly calculated from
nonlinear absorption and refraction measurements. To relate
n2 and α2 to χ�3�, the following relations are used [34],

n2 �
3

4ϵ0cn20
Re�χ�3��; (7)

α2 �
3ω

2ϵ0c2n20
Im�χ�3�T �; (8)

Fig. 1. Schematic of the quasi-three-level model for centrosymmet-
ric molecules showing the origin of N- and T-terms and indicating the
various level couplings. The transitions shown are the perturbation
pathways for a centrosymmetric molecule, corresponding to the
“T-terms” and “N-terms” described in the text. Due to parity selection
rules, the only nonzero transition dipole moments are μge and μee 0 , as
described in the text.
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where c is the speed of light. Thus, in terms of relating n2 and
α2 to Eq. (2),
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5
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where the subscript T in Eqs. (8) and (10) indicates that only
the T-term contribution is included (i.e., without the N-term
contribution, as discussed in Section 4) and is directly propor-
tional to the 2PA coefficient α2. The experimentally obtained
n2 and α2 are expressed in terms of NLR and 2PA cross sec-
tions, δNLR and δ2PA, so that [35,36]

δNLR � 1058
ℏω2n2
cN

; (11)

δ2PA � 1058
ℏωα2
N

: (12)

Here the units for the cross sections are Göppert-Mayer
(GM) defined as 10−50 cm4 · s ·molecule−1 · photon−1 (see
Appendix D for unit conversions). Thus, we can describe
the dispersion of the cross sections relative to the quasi-
three-level model though the relations given in Eqs. (9)
and (10) as
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While the use of Eq. (2) to determine the dispersive quantity
γ̂�ω� is complete, the resulting expression contains a minimum
of 24 terms. In the literature, this expression is often truncated
by selecting the terms that give the largest contributions based
on the strongest resonant denominators [1,4,37,38]. For the
N-terms, this occurs when ωp � ωr � ω and ωq � −ω and
for the T-terms, this occurs when ωp � ωq � ω and ωr � −ω.
By keeping only the terms that possess triply resonant denom-
inators, the expression for γ̂ can be simplified to one that in-
cludes only four terms. Thus, γ̂�ω� in Eqs. (13) and (14) can be
replaced by the following:
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While the full expression for γ̂�ω� is used for all the fittings
described within this paper, i.e., Eq. (6), we will show at the
end of Section 6 that relatively good agreement can be obtained
using Eq. (15) with only small adjustments in the fitting
parameters compared to those used for the full expression.
The limits to the applicability of Eq. (15) will also be discussed.
Note that the extraction of the linear fitting parameters used in

the fits will be described in Section 5 for the compound shown
in Fig. 4 as an example and the extraction of the nonlinear fit-
ting parameters will be described in Section 6.

Figure 2(a) shows the 2PA spectrum in terms of cross sec-
tions for YZ-V-69 (Compound 6 in Ref. [37], chemical struc-
ture shown in Fig. 5) in carbon tetrachloride along with the
quasi-three-level fit from Eq. (14), and Fig. 2(b) shows the ex-
perimentally determined n2 spectrum in terms of cross sections
along with the prediction from the model, Eq. (13). We note
that for a centrosymmetric molecular system, the magnitude of
2PA is due to the imaginary component of the T-terms only,
which is determined by the magnitude of the transition dipole
moments and relative energies of the relevant states, as will be
discussed in Section 4. Hence the peaks of Im�γ̂T � correspond
to 2PA resonances and are observed at ω�1�

e 0g∕2 and ω�2�
e 0g∕2,

where the superscripts (1) and (2) represent the lower-lying
and higher-lying 2PA states, respectively (see Eq. (2)]. For
the same centrosymmetric system, the sign and magnitude
of the NLR are due to the real components of the T-terms
and N-terms and are also determined by the same parameters
that determine the 2PA. In describing δNLR via Re�γ̂� all terms

Fig. 2. (a) 2PA spectrum along with quasi-three-level essential-state
model fit for YZ-V-69 (molecular structure shown in Fig. 5) dissolved
in carbon tetrachloride. (b) The experimentally determined δNLR spec-
trum and predicted fits. The solid black line, blue line, and red line in
(a) and (b) represent the T-terms, N-terms, and their sum, respectively.
The green dashed line in (a) and (b) shows δ � 0.
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are retained, including the real component of the N-terms,
which turn strongly negative toward the 1PA resonance. For
the fits used for the plots of Fig. 2, the bound electronic
NLR increases gradually from a small negative value in the
DC limit (ω → 0) to a positive peak slightly redshifted from
the lower-lying 2PA peak. The NLR becomes negative as
the incident photon energy extends beyond this 2PA peak
and remains negative extending past the higher-lying 2PA peak.
This spectral shape of n2 near the lower-lying 2PA resonance is
consistent with the expected shape from Kramers–Kronig (KK)
relations [40,41]. As the incident photon energy approaches the
absorption gap of the material, corresponding to ω → ωeg , the
N-terms in Eq. (6) start to dominate the nonlinear contribu-
tions, and a large negative n2 is observed. As described in
Section 4, the real part of the N-terms for a macroscopic en-
semble of molecules corresponds to the change in index of
refraction due to the AC Stark effect, sometimes referred to
as virtual saturation, and the imaginary part of the N-terms
corresponds to absorption saturation when expanded to third
order in the electric field. Close to the resonant frequency
between states g and e, it is possible for the real part of the
N-terms to dominate the NLR even well outside the absorption
bandwidth.

The sign and magnitude of the NLR approaching the DC
limit depend on the strength of the transition dipole moments
and positions of the 1PA and 2PA resonance(s) [29,33,42] and
can be deduced from Eqs. (2) and (6):

γ̂jDC � 4jμgej2
ℏ3ω3

eg

�X
e 0

ωeg

ωe 0g
jμee 0 j2 − jμgej2

�
: (16)

Here, the summation includes all 2PA states contributing to
the nonlinear response. This formalism assumes that ωeg ≫ Γeg
and ωe 0g ≫ Γe 0g and, thus, has no imaginary component. For
the molecule presented in Fig. 2, Eq. (16) predicts the DC limit
of n2 to be negative, in part, since μ�2�ee 0 ≪ μ�1�ee 0 < μge . Negative
NLR can be beneficial for applications such as those involving
liquid core optical fibers in which a “zero” n2 can limit adverse
effects such as self-phase modulation when using high-power
light sources, i.e., a solution of solute with negative n2 plus
a solvent with positive n2 to give a net n2 � 0 [39]. To date,
cyanine dyes are the prototypical molecules both theoretically
predicted and experimentally observed to exhibit negative
Re�γ̂� when approaching the DC limit [43–45]. An example
of a cyanine is YZ-V-69, as well as some of the other molecular
systems presented in this paper, all of which exhibit negative
Re�γ̂� approaching the DC limit.

4. FIGURE-OF-MERIT DEFINITION FOR AOS
DEVICES

The optimization of organic systems for applications such as
AOS utilizes a FOM to characterize the viability of the material.
Here we will use a modified definition of that found in [1,6]
so that

FOM � 2k0jn2j
α2

� 2
jδNLR j
δ2PA

� jRe γ̂j
Im γ̂T

: (17)

The real part of the N-terms corresponds to the index
change due to changes in absorption at a different wavelength

within the linear absorption region as is predicted by nonde-
generate KK relations [34]. It is only weakly dependent on the
exact spectral shape of the linear absorption so that if you are
outside of this linear absorption range the real component of
the N-terms remains. However, we must note that while Re�γ̂�
well describes the NLR coefficient over this range of frequen-
cies, to obtain the 2PA coefficient from the quasi-three-level
model, the imaginary component of the N-terms should not
be included, as described below.

Approaching the 1PA resonance the imaginary part of the
N-terms becomes negative, as predicted by the quasi-three-level
model and as shown in Fig. 2(a). A negative loss on its own
would imply gain, which is unphysical. Provided there is ac-
companying linear absorption, the negative Im�γ̂� means that
there is a saturation of the linear loss.

The nonlinear losses that are of concern come from a propa-
gation equation that includes the saturating linear absorption
and 2PA given by

dI
dz

� −
α0

1� I∕I sat
I − α2I 2; (18)

where α0 is the linear absorption coefficient and I sat is the sat-
uration irradiance in which the first term on the right-hand side
of Eq. (18) describes the reduction of the linear absorption with
increasing irradiance. Thus, the linear absorption can saturate,
which, when expanded to the third order, takes the form

dI
dz

≈ −α0

�
1 −

I
I sat

�
I − α2I 2 � −α0I −

�
αT2 −

α0
I sat

�
I 2 ≈ −α0I − �αT2 � αN2 �I2; (19)

where αN2 and αT2 describe the effective 2PA coefficients due to
the N-terms and T-terms, respectively. The functional form of
αN2 is the same as that of α0∕I sat and, indeed, the nonlinear loss
due to the N-terms can be quantitatively described by absorp-
tion saturation of a two-level system [33] (see Appendix A), as
indicated by the last equality in Eq. (19). Note that the satu-
ration described by the first term of Eq. (18) is intrinsically not
a third-order nonlinear response.

Far from resonance, linear losses are negligible and the linear
absorption term (i.e., the N-term contribution to γ̂) should give
no contribution to the nonlinear response other than that from
the KK determined NLR (i.e., Re�γ̂N �) where the effects re-
main even far from resonance. We note here that the electronic
transitions are described using only homogeneous line broad-
ening. This leads to Lorentzian line shapes for the electronic
transitions that give rise to linear losses far from resonance,
which is contrary to observations. Approaches that include
inhomogeneous line broadening as well as vibronic effects, thus
providing a more realistic description of the line shapes of the
electronic transitions, have been employed to accurately model
second-order nonlinear optical responses of organic molecules
[46,47]. For large inhomogeneous broadening, the Lorentzian
tails could be considerably lowered resulting in a lessening
of the negative contribution from the imaginary part of the
N-Terms. However, the sum of the Lorentzian tails in an in-
homogeneously broadened three-level model would still add to
give a negative contribution, however small. Although small,
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since these losses are to be compared with the third-order non-
linearity of 2PA, their artificial “third-order” magnitude could
be significant near resonance. We note that a similar approach
to include inhomogeneous broadening could be adopted for
the third-order nonlinear response discussed herein, but the im-
plementation is beyond the scope of this paper. Thus, to de-
termine the FOM relative to the three-level model, we exclude
the imaginary component of the N-terms from the other Im�γ̂�
contributions, i.e., the T-terms. This was previously used, for
example, when determining the FOM for semiconductors [48]
and organic molecules [1,4]. If linear absorption saturation is
not experimentally observed, these terms can simply be
ignored, as described in Appendix A.

The FOM spectrum experimentally obtained, and calcu-
lated from Eq. (17), is shown in Fig. 3 where the N-terms have
been excluded from Im�γ̂� as a solid black line. Typically, effi-
cient AOS devices require a FOM ≫ 1. Note that as the fre-
quency approaches the 1PA edge, the FOM increases on the
high-frequency side of the higher-lying 2PA band due to the
strong contribution of Re�γ̂�. The FOM reaches a maximum
of >400 approaching the 1PA edge; however, the linear losses
ultimately hinder any further increase of the FOM near the
1PA edge. Note the inclusion of the imaginary component
of the N-terms, shown as a dashed red line in Fig. 3, severely
distorts the FOM throughout most of the spectrum. Molecular
design strategies to enhance the FOM employ such methods as
increasing the conjugation length and reducing the bond-order
alternation [1,4,5]; however, a challenge is to suppress the lin-
ear absorption below the 1PA edge. We note that while the
FOM can become quite large in the DC limit (not shown),
the NLR is small at these frequencies, which might limit the
overall effectiveness of an AOS device. Due to the FOM being
≫1 for YZ-V-69, this molecule is an excellent candidate for
AOS applications. In the subsequent sections, we present data
and the three-level modeling for different types of organic mol-
ecules [which we approximate as centrosymmetric such that

Eq. (5) is valid] that have been synthesized in order to exploit
the large NLR near the 1PA edge, which can yield a large FOM.

5. EXTRACTION OF LINEAR OPTICAL
PARAMETERS

The linear optical parameters used in Eq. (2) are extracted as
follows. The ground-to-excited state transition dipole moment
μge , transition linewidth Γeg , and transition energy ωeg are
found from the linear absorption spectrum. μge is calculated
using [49,50]

μge � 3.563 · 10−33
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR
ϵ�ν�dν
Ege

s
�f �1��−1∕2; (20)

where Ege (� ℏωeg ) is the energy for the peak absorption in eV,
ϵ�ν� is the molar absorbance spectrum in units of M−1 cm−1

where ν is the wavenumber (cm−1) and M is the molarity,
and f �1� � �ϵr�ωeg� � 2�∕3 is the first-order local field
correction. Here, the local field correction is taken to correct
the magnitude of the molar absorbance in the presence of
the solvent background. This, however, is not done in the
above-mentioned references. The transition dipole moment
μge is in units of Coulomb ·m. Typically, the units of the tran-
sition dipole moments are given in Debye (D) where 1D ≅
3.33 · 10−30Coulomb ·m.

Figure 4 shows the structure and linear optical absorption
spectrum of an oxygen-containing squaraine dye dissolved in
toluene previously investigated in [51]. The integral of Eq. (20)
is performed over the main absorption band as well as the small
vibronic band associated with the transition. The peak of the
absorption occurs at 1.95 eV, which gives ωeg and Ege while a
single Lorentzian fit (red line in Fig. 4) of the spectrum gives
Γeg , which is the half-width at half-maximum of the fit. Using
the above parameters, we obtain μge � 11 D using Eq. (20).

The chemical structures of the various molecular systems are
shown in Fig. 5 and the corresponding normalized linear op-
tical absorption spectra are shown in Fig. 6. Unless otherwise
noted, all linear optical parameters are extracted in the same
manner as stated previously and are listed in Table 1.

Some uncertainty can arise when determining μge from
Eq. (20). For instance, SJZ-3-16 does not contain a well-
distinguished absorption band corresponding to its S0 → S1
transition; thus, it is not straightforward to extract the linear
parameters from the spectra. Thus, we rely upon the calculated

Fig. 3. FOM for YZ-V-69 from the experimental data in Fig. 2
along with the calculated result from Eq. (17). The solid black line
is the result when the imaginary component of the N-terms has been
excluded from Im�γ̂�. The dashed red line is the result when the imagi-
nary component of the N-terms is included in Im�γ̂�.

Fig. 4. Structure and normalized linear optical absorption (1PA) of
the squaraine dye (SD-O 2405) dissolved in toluene. The solid red line
is a Lorentzian fit to extract the width of the ground-state transition.
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quantity found in [53] along with the experimentally deter-
mined nonlinear optical spectra shown in the subsequent sec-
tion, i.e., the best fit 2PA spectra gives the linewidth of the
linear absorption. Furthermore, uncertainty can arise when
setting the limits for the integral in Eq. (20). We note, however,
that this should not lead to significantly different values since
the determination of the limits of integration should be
consistent. Other uncertainty in μge arises from the determina-
tion of ϵmax, which typically can have error bars of 	10%.

6. EXTRACTION OF NONLINEAR OPTICAL
PARAMETERS AND ANALYSIS

As mentioned previously, the 2PA spectrum is used to extract
μee 0 , Γe 0g , and ωe 0g . Thus, a peak in the 2PA spectrum corre-
sponds to ωe 0g whereas the width associated with that peak cor-
responds to Γe 0g . The dispersion of n2 is then calculated based
on the parameters obtained from the 2PA spectra when put
into Eq. (2) and the resulting values can then be compared with
the experimental data.

To extract the nonlinear optical parameters for the quasi-
three-level model, the peaks of the 2PA states must be known
as well as the width of the transitions. Therefore, in general,
relatively high spectral resolution (ΔE ≤ 0.035Ege) is necessary
to extract these parameters. From the 2PA spectra in Fig. 2(a),
two peaks are observed: one centered at ∼0.56ωeg and the

other at ∼0.75ωeg corresponding to 2PA states at ℏω�1�
e 0g �

�1.43	 0.02� eV and ℏω�2�
e 0g � �1.91	 0.03� eV, respec-

tively. Measurements of nondegenerate two-photon absorp-
tion (ND-2PA) in YZ-V-69 dissolved in chloroform showed
a lower-lying 2PA peak at ∼0.61ωeg . Given the ∼13 nm

redshift in the linear absorption of YZ-V-69 dissolved in
chloroform with respect to carbon tetrachloride, the 2PA bands
are expected to have similar redshifts as well. Along with the
linear optical parameters given in Table 1, the widths of the
lower-lying 2PA state and the higher-lying 2PA state, ℏΓ�1�

e 0g

and ℏΓ�2�
e 0g , are fit with 0.06 eV. The corresponding transition

dipole moments are μ�1�ee 0 � 6.1D and μ�2�ee 0 � 0.5D for the
lower-lying and higher-lying 2PA states, respectively. Table 2
gives a summary of parameters obtained from the 2PA mea-
surements for all molecules in this study.

Fig. 5. Chemical structures of the molecular systems under study. All the molecules are approximated as linear symmetric molecules ignoring the
small permanent dipole moment perpendicular to the long axis except AJTC 02, which has no permanent dipole moment.

Fig. 6. Normalized linear optical absorption spectra for the mole-
cules in Fig. 5. SJZ-3-16 is dissolved in tetrahydrofuran, SD-O 2405
in toluene, AJTC 02 in dichloromethane, AJBC 3701 and AJBC 3702
in dimethylformamide, YZ-V-69 in carbon tetrachloride, and S-7C in
chloroform.
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As was previously shown in Fig. 2(b), the experimentally
determined NLR cross sections via Z-scans of YZ-V-69 follow
the predicted dispersion of NLR from the quasi-three-level
model. This is also true for the other molecules studied. In ad-
dition, measurements at multiple irradiances for all the studied
molecules confirm the dominance of ultrafast nonlinearities,
i.e., excited-state effects are negligible.

Figures 7–12 show data along with fits similar to Figs. 2
and 3 for the other molecules in this study, which gave the
parameters shown in Table 2. Details for some of the molecules
are given in Appendix A.3.

Figure 10(a) shows the 2PA spectrum of AJBC 3702
obtained via Z-scans (see Appendix C for details). This mol-
ecule shows two 2PA bands with similar magnitudes with

Table 2. Fit Parameters Extracted from the 2PA Spectra
of Each Moleculea

Molecule Transition ℏω�eV�
ℏΓ

�10−2 eV� μ�D�
SD-O 2405b g → e 1.95 3.5 11

e → e 01 2.95	 0.07 12 6.8
e → e 02 3.54	 0.10 12 6.7

SJZ-3-16c g → e 2.50 4.0 12
e → e 01 3.10	 0.08 30 5.5
e → e 02 3.73	 0.11 30 16

AJTC-02 g → e 1.44 12 25
e → e 01 1.53	 0.02 10 13
e → e 02 2.16	 0.04 10 14

YZ-V-69 g → e 1.27 4.4 14
e → e 01 1.43	 0.02 6.0 6.1
e → e 02 1.91	 0.03 6.0 0.50

AJBC 3701 g → e 1.44 4.0 9.8
e → e 01 1.65	 0.02 9.5 13
e → e 02 2.31	 0.04 9.5 4.9

S-7Cd g → e 1.16 3.5 17
e → e 01 1.28	 0.02 7.0 6.8
e → e 02 1.98	 0.03 7.0 1.1

AJBC 3702 g → e 1.44 4.0 9.8
e → e 01 1.65	 0.02 9.5 16
e → e 02 2.31	 0.04 9.5 4.4

aThe notations e → e 01 and e → e 02 represent the transition from the
intermediate state to the lower-energy 2PA state and higher-energy 2PA
state, respectively.

bThe peak of the 2PA state at 3.54 eV is confirmed by a dip in the
fluorescence anisotropy measurement at 3.54 eV [42].

cSee footnote “a.”
dFor S-7C, the 2PA spectrum, shown in Fig. 8(a), was measured by

nondegenerate 2PA using various pump wavelengths (open red squares)
along with Z-scans at select wavelengths. The width of the higher-lying
2PA band was chosen to be the same as the lower-lying 2PA band.

Table 1. Linear Spectroscopic Parameters of the Molecular Systems under Study

Ege�eV� ϵmax�105 cm−1 M−1� ℏΓ eg �eV� μge�D� Eq. (20)
SD-O 2405 1.95 3.7	 0.37 0.035 11
SJZ-3-16 2.50 0.91	 0.091 0.040a 12b

S-7C 1.16 4.0	 0.040c 0.035 17
YZ-V-69 1.27 2.6	 0.26 0.044 14
AJBC 3701 1.44 1.6	 0.16 0.040 9.8
AJTC 02 1.44 3.8	 0.38 0.12 25
AJBC 3702 1.44 1.6	 0.16 0.040 9.8
aWidth could not be determined by the linear absorption spectra. Knowledge of the nonlinear optical spectra aided with determining this value.
bThis value is obtained from [53].
cThis value is obtained from [38].

Fig. 7. (a) 2PA cross sections of SJZ-3-16 measured via two-photon
induced fluorescence plotted along with the fit from the quasi-three-
level model [53]. (b) NLR cross sections measured via white-light con-
tinuum Z-scans plotted with the quasi-three-level model prediction of
the dispersion of NLR. (c) Experimental FOM along with the predic-
tion. The solid red line in (c) gives the FOM where the quasi-three-
level model predicts δNLR > 0 and the solid black line shows the FOM
where δNLR < 0. Note that the green data points in (c) represent
measurements of positive or “zero” NLR. The green dashed line in
(a) and (b) gives δ � 0.
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the lower-lying 2PA state at 0.57ωeg (ℏω�1�
e 0g � 1.65 eV) and

higher-lying 2PA state at 0.82ωeg (ℏω
�2�
e 0g � 2.31 eV) with the

corresponding fit parameters listed in Table 2. The measured
δNLR is negative for most of the excitation frequencies, as
shown in Fig. 10(b), with the absolute value remaining small
below the 1PA resonance (i.e., 0.54–0.72ωeg ) and then in-
creases dramatically as the wavelength approaches the 1PA

edge. At the two smallest excitation frequency measurements,
“zero” n2 was measured. The counter-ion (tetraphenyl borate,
see Fig. 5) is not expected to contribute significantly to the
NLR at any of the measured frequencies due to the magnitude
of the ground-state transition frequencies being much higher
than the parent ion [45]. Therefore, we postulate for the
NLR spectra that the nonlinearities originate mainly from

Fig. 8. (a) 2PA cross sections of S-7C measured via Z-scans (open
black squares) and nondegenerate 2PA (open red squares) plotted
along with the fit from the quasi-three-level model to obtain the
parameters. (b) NLR cross sections measured via Z-scans plotted with
the quasi-three-level model prediction of the dispersion of NLR.
(c) Experimental FOM along with the prediction. The green dashed
line in (a) and (b) shows δ � 0.

Fig. 9. (a) 2PA cross sections of SD-O 2405 measured via dual-arm
Z-scans (black squares) and two-photon induced fluorescence (red
squares) plotted along with the fit from the quasi-three-level model.
(b) NLR cross sections measured via dual-arm Z-scans plotted with
the quasi-three-level model prediction of the dispersion of NLR.
(c) Experimental FOM along with the prediction. The green dashed
line in (a) and (b) shows δ � 0. (For SD-O 2405, all experimental
δNLR values are negative. Furthermore, due to both the larger value
of μge compared to μ�1�ee 0 and μ�2�ee 0 and detuning of the lower-lying
and higher-lying 2PA states, δNLR is also negative approaching the
DC limit as predicted from Eq. (15). The large discrepancy in the
FOM (c) for the two smallest photon energies occurs in a region
where the 2PA and NLR are experimentally determined to be small,
and the FOM is the ratio of two small numbers leading to large errors.
Thus, the quasi-three-level model cannot accurately match the exper-
imentally determined values and leads to large differences in the FOM
far from 2PA resonances.)
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the cationic polymethines. From the fit parameters obtained
from the 2PA spectrum, the predicted NLR dispersion agrees
qualitatively with the measured NLR. The NLR calculated
from the model becomes positive at low frequencies, which
agrees with that predicted by Eq. (15) in part due to μ�1�ee 0 being
nearly twice that of μge. Figure 10(c) shows the experimental
and predicted FOM, which fits both qualitatively and quanti-
tatively. The FOM suffers due to the relatively large magnitudes
of 2PA in this spectral region. While this molecule might not
be a good candidate for AOS applications, the δ2PA is adequate
in the frequency range corresponding to wavelengths ideal for
optical limiting in the telecom window. Figure 11(a) shows the
2PA spectrum of AJBC 3701 obtained via dual-arm (DA)
Z-scans (see Appendix C for details). Since this molecule is sim-
ilar to AJBC 3702 in both structure (the difference is that the
phenyl group is replaced by the chlorine atom at the center of

the cyanine-bridge), linear spectrum, and 2PA spectral shape,
we assume that the corresponding widths of the 2PA bands are
the same with the magnitudes of the 2PA resonances being
different. Accordingly, AJBC 3701 shows two 2PA bands
with similar magnitudes with the same lower-lying 2PA state
at 0.57ωeg (ℏω

�1�
e 0g � 1.65 eV) and a higher-lying 2PA state at

0.82ωeg (ℏω
�2�
e 0g � 2.31 eV) as AJBC 3702 with corresponding

fit parameters listed in Table 2. The measured δNLR is also
negative at the various excitation frequencies, as shown in
Fig. 11(b), with the absolute value remaining small below
the 1PA resonance (i.e., 0.54–0.72ωeg ) and then increasing

Fig. 10. (a) 2PA cross sections of AJBC 3702 measured via Z-scans
plotted along with the fit from the quasi-three-level model. (b) NLR
cross sections measured via Z-scans plotted with the quasi-three-level
model prediction of the dispersion of NLR. (c) Experimental FOM
along with the prediction. The solid red line in (c) gives the predicted
FOM where the quasi-three-level model gives δNLR > 0 and the solid
black line shows the predicted FOM where δNLR < 0. The green data
points in (c) represent a measurement of zero NLR (i.e., too small to
measure). The green dashed line in (a) and (b) shows δ � 0.

Fig. 11. (a) 2PA cross sections of AJBC 3701 measured via dual-
arm Z-scans plotted along with the fit from the quasi-three-level
model. (b) NLR cross sections measured via dual-arm Z-scans plotted
with the quasi-three-level model prediction of the dispersion of NLR.
(c) Experimental FOM along with the prediction. The solid red line in
(c) shows the predicted FOM where the quasi-three-level model pre-
dicts δNLR > 0 and the solid black line shows the predicted FOM
where δNLR < 0. The green data point in (c) represents a measurement
of zero NLR. The green dashed line in (a) and (b) gives δ � 0. [Since
AJBC 3701 is similar to AJBC 3702 in both structure (the difference is
that the phenyl group is replaced by the chlorine atom at the center of
the cyanine-bridge, see [52]), linear spectrum, and 2PA spectral shape,
we assume that the corresponding widths of the 2PA bands are the
same with the magnitudes of the 2PA resonances being different.]
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dramatically as the wavelength approaches the 1PA edge. As
with AJBC 3702, the counter-ion (since it is the same as
AJBC 3702) is not expected to contribute significantly to
the NLR. The predicted NLR dispersion shown in Fig. 11(b)
agrees qualitatively with the measured NLR. Similar to AJBC

3702, the predicted NLR becomes positive, in part due to μ�1�ee 0

being more than twice that of μge. Figure 11(c) shows the ex-
perimental and predicted FOM, which fits both quantitatively
and qualitatively. The FOM suffers due to the relatively large
magnitudes of 2PA in these spectral regions. This molecule also
is a good candidate for optical limiting in the telecom window
but not ideal for AOS applications.

Shown in Fig. 12(a) is the spectrum of 2PA for the nonpolar
AJTC 02 molecule measured via Z-scans. The 2PA spectrum
shows a 2PA band at 0.53ωeg (ℏω

�1�
e 0g � �1.53	 0.02� eV) and

a perceived 2PA band at 0.75ωeg (ℏω
�2�
e 0g � �2.16	 0.04� eV)

with δ2PA of 3800 GM and 21,000 GM, respectively. Using the
fitting parameters obtained from the 2PA spectrum [displayed
in Fig. 12(a)], the predicted NLR dispersion is compared to the
experimental results measured in Fig. 12(b). Note that the sign
of the measured δNLR changes twice at 0.55ωeg and 0.61ωeg ,
which is not reproduced in the predicted NLR. The magnitude
of μ�2�ee 0 is insufficient to overcome the strong negative contri-
bution due to μge , which is an indication that the N-terms
dominate the nonlinear response near the higher-lying 2PA res-
onance. More so, due to the very large 2PA cross sections, the

Fig. 12. (a) 2PA cross sections of AJTC 02 measured via Z-scans
plotted along with the fit from the quasi-three-level model to obtain
the parameters. (b) NLR cross sections measured via dual-arm Z-scans
plotted with the quasi-three-level model prediction of the dispersion of
NLR. (c) Experimental FOM along with the prediction. The black
dashed lines in (b) and (c) represent the predicted NLR dispersion
and FOM, respectively, using a smaller value of μge than that listed
in Table 2 (see discussion in text). The green data points in (c) re-
present measurements of positive NLR. The green dashed line in
(a) and (b) gives δ � 0.

Fig. 13. Comparison of the quasi-three-level fits for (a) the mea-
sured 2PA cross sections and (b) NLR cross sections of S-7C using
the full expression [solid black line, Eq. (6)] and the truncated expres-
sion [dashed red line, Eq. (15)]. The parameters used are the same as
those listed in Table 2. Note that only the Z-scan data is shown in (a).
The green dashed line in (a) and (b) gives δ � 0.
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FOM, as shown in Fig. 12(c), is small for the wavelengths mea-
sured. The lack of spectral resolution allows for significant var-
iations in the fitting parameters, which we utilize to obtain a
better overall fit for the NLR and FOM. Thus, by reducing μge
to 15 D, the predicted NLR qualitatively follows the change in
sign experimentally measured. With the reduction in μge , μ

�1�
ee 0

and μ�2�ee 0 are both refit to 22 D. With limited spectral resolution
of the 2PA along with key data points of NLR, the model can
give a reasonable qualitative dispersion for n2. Furthermore, the
structure of AJTC 02 is octupolar in nature; therefore, the lin-
ear approximation given by Eq. (5) is no longer valid.

In Section 3, it was mentioned that relatively good agree-
ment can be obtained when using a truncated expression
[Eq. (15)] compared to the full quasi-three-level model
[Eq. (2)] when fitting the experimental data. Figure 13 shows
the comparison for S-7C for (a) the 2PA cross sections
measured via Z-scan and (b) the NLR cross sections. By using
Eq. (15) in lieu of Eq. (2), relatively good agreement exists
across the entire spectrum. The largest discrepancies occur near
the 1PA transition where the antiresonant terms in Eq. (2) are
left out of the truncated expression. Even so, by using Eq. (15)
to fit the data, the higher-lying 2PA transition dipole moment
can be fit to 1.4 D, which overestimates the value in Table 2
by only ∼27%. We have performed this analysis for the other
molecules herein and found that S-7C is affected the most
when using the truncated expression since μ�2�ee 0 ≪ μge .

7. CONCLUSIONS

We have shown that the simplified sum-over-states model in
which a minimum of three excited states (quasi-three-level
model) are utilized can predict the dispersion of NLR of
coefficient n2 with knowledge of just the linear absorption spec-
trum and 2PA spectrum from which all the linear and nonlin-
ear optical parameters are extracted. We have compared the
calculated NLR to the experimentally determined NLR and
found good agreement both qualitatively and quantitatively
for several types of organic molecules which can be approxi-
mated as centrosymmetric where the nonlinear optical response
is primarily along one molecular coordinate axis. We thus
ignore the small permanent dipole moments and small transi-
tion dipole moments perpendicular to the long axis. The
quasi-three-level model predicts a negative contribution to
the imaginary component of the third-order nonlinear optical
response, which becomes more negative when approaching the
one-photon absorption edge. This is due to the negative terms
(N-terms) present in the few-state model. The Im N-terms
should be excluded from these calculations in regions where
saturable absorption is not experimentally observed. Using this
model, we show that the FOM for all-optical switching (given
in terms of the nonlinear refractive index and 2PA coefficient)
can therefore be predicted from measured 2PA spectra. We find
for several of the molecules studied that the largest FOM, re-
quiring a large magnitude of n2 with low nonlinear optical
losses, lies at photon energies just below the one-photon ab-
sorption edge, but above any 2PA resonances, where the non-
linear optical losses are small. This paper demonstrates that
determination of the linear absorption and 2PA spectra coupled

with the quasi-three-level model can accurately predict the
NLR dispersion and thus the FOM for nonlinear optical ap-
plications as opposed to other such methods as hyper-Rayleigh
scattering to predict nonlinear dispersion [54].

APPENDIX A

In Section 4, it was stated that outside the linear absorption
bandwidth the imaginary component of the N-terms should
be neglected since the linear losses are negligible. Here we show
the Im N-terms are in fact due to saturable absorption so that
if there is no observable linear absorption saturation, the
Im N-terms should be ignored. Equations (18) and (19) are
restated from the main text as

dI
dz

� −
α0

1� I∕I sat
I − α2I 2; (A1)

dI
dz

≈ −α0

�
1 −

I
I sat

�
I − α2I 2 � −α0I �

α0
I sat

I2 − αT2

I 2 ≈ α0I − �αN2 � αT2 �I 2: (A2)

We express α0∕I sat in terms of the parameters used in the
essential-state model. From a two-level model [33],

1

I sat
� σegτ�f �1��2

ℏω
; (A3)

where σeg is the 1PA cross section and τ is the lifetime. Thus,
including the linear absorption coefficient in Eq. (A3) leads to

α0
I sat

� σ2egN τ�f �1��2
ℏω

; (A4)

where α0 � σegN . The relation between α0 and the linear
susceptibility χ�1� is given as

α0 �
ω

2n0c
Im�χ�1��: (A5)

In terms of the SOS model, χ�1� can be expressed as [27,33]

χ�1��ω;ω� � Nf �1�

ℏϵ0

X
e

�
μ2ge

ω̄eg − ω
� μ2ge

ω̄�
eg � ω

�
: (A6)

By only considering the resonant term of Eq. (A6), substi-
tuting this expression into Eq. (A5), and equating the result
with σegN , we express Eq. (A4) in terms of the parameters used
in the essential-state model as

α0
I sat

� ωN �f �1��4τ
4n20c

2ℏ3ϵ20

Γ2
egμ

4
ge

�ωeg − ω�4
: (A7)

Additionally, we have made the assumption that
Γ2
eg ≪ �ωeg − ω�2.
Now we find the expression for αN2 . From Eqs. (2) and (3) in

Section 3, χ�3� for the N-terms is expressed as
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χ�3�N �ω � �ωp � ωq � ωr �;ωp;ωq;ωr�
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μigeμ
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egμ
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geμ
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geμ
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egμ
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geμkeg

�ω̄�
eg � ωr��ω̄�
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i
egμ

j
geμkeg

�ω̄�
eg � ωr��ω̄�

eg � ωp��ω̄�
eg � ωp � ωq � ωr�

��
; (A8)

where the subscript N denotes the N-term contribution. We
do not consider any orientational averaging as was done
in Section 3, but we do assume that the directional dipole
moments are the same in all directions. The strong resonant
condition of Eq. (A8) occurs when ωp � ωr � ω and
ωq � −ω. This, along with Eq. (8), allows us to find the
expression for the contribution due to the N-terms as

αN2 � −
ωNf �3�

2n20c
2ℏ3ϵ20

Im

��
μ4ge

�ω̄ge − ω��ω̄ge − ω��ω̄ge − ω�

� μ4ge
�ω̄�

ge − ω��ω̄ge − ω��ω̄ge − ω�

��
: (A9)

After simplification and recognizing that f �3� � �f �1��4 for
self-action nonlinearities, Eq. (A9) can be rewritten as

αN2 � −
2ωN �f �1��4
n20c

2ℏ3ϵ20

Γegμ
4
ge

�ωeg − ω�4
: (A10)

As was the case in Eq. (A7), we have made the assumption that
Γ2
eg ≪ �ωeg − ω�2. Note that Γegτ is a constant such that

Eq. (A7) can be written as

α0
I sat

� ωN �f �1��4
4n20c

2ℏ3ϵ20

const · Γegμ
4
ge

�ωeg − ω�4
: (A11)

In this region outside of the linear absorption bandwidth,
we have assumed that jω̄gej ≈ jω̄�

gej ≈ ωge . Equations (A10)
and (A11) have the identical functional dependence with op-
posite sign as is the case in Eq. (A2) and we can conclude that
the Im N-terms are due to saturation of linear absorption.
Furthermore, if the constant in Eq. (A11) is chosen to be 8,
Eqs. (A10) and (A11) are exact but this factor cannot be fully
justified.

APPENDIX B

For molecules possessing permanent ground-state and excited-
state dipole moments, the second hyperpolarizability γ is
written as

γijkl �ω��ωp�ωq�ωr �;ωp;ωq;ωr�

� 1

ℏ3

�P 0
υ;n;m

�
μigυ�μlυn −μlgg��μknm −μkgg�μjmg
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�ω̄�
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ng �ωq�ωp��ω̄mg −ωr�

� μlgυ�μiυn −μigg��μknm −μkgg�μjmg
�ω̄�

υg �ωr��ω̄ng −ωq −ωp��ω̄mg −ωp�

� μjgυ�μkυn −μkgg��μlnm −μlgg�μimg
�ω̄�

υg �ωp��ω̄�
ng �ωq�ωp��ω̄�

mg �ωp�ωq�ωr�

�
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j
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j
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��
; (B1)

where now states υ and n and m can simultaneously represent
the intermediate state e. In the case of asymmetric molecules,
the states have mixed parity and thus self-transitions are al-
lowed, i.e., g → g and e → e (see Fig. 14). Furthermore, there
are allowed transitions from the ground state to the 2PA state
due to this mixed parity. The first summation of Eq. (B1) in-
volves the sum over all possible transitions representing the
ground state, intermediate state, and 2PA state and, thus, there
are eight total possibilities to arrange the states υ, n, and m. But
now since there are allowed self-transitions and allowed transi-
tions from the ground to the 2PA state, all eight permutations of
the states contribute. We make the assumption that the strength
of the ground to 2PA state transition is much less than that of the
ground to intermediate state transition such that μge 0 ≪ μge .
With this assumption, there only now exist two dominant cases
which contribute to the nonlinearity. The first case exists when
states υ, n, and m all represent the intermediate state e. The per-
manent dipole moment difference between the ground and first

Fig. 14. Schematic of the quasi-three-level model for noncentro-
symmetric molecules. The perturbation pathways include dipolar
(“D”) terms in addition to the N- and T-terms. Dipole moments
μgg and μee , correspond to transitions with the same initial and final
state, which are allowed in noncentrosymmetric molecules as described
in the text.
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excited state is defined as Δμ � μee − μgg and, thus, terms of the
form Δμ2μ2ge exist in this case. These terms are called dipolar
terms (D-terms) and can be derived from a two-level model
[33]. As is the case for purely symmetric molecules, the second
dominant case is when states υ andm represent the intermediate
state e and state n represents the 2PA state e 0. This results in
terms of the form μ2ge�μee 0 − μgg�2 and are similar to the T-terms
in the case of purely centrosymmetric molecules. In the limit that
μgg ≪ μee 0 the mixed terms become small leaving just the T-
terms. For the second summation of Eq. (B1) there exist four
possibilities to arrange the states n andm due to the mixed parity
of states with each contributing to the nonlinearity. But since we
have made the assumption that μge 0 ≪ μge , there is only one
dominant case, which is the same as the case for purely centro-
symmetric molecules when states m � n � e. Thus, Eq. (B1)
can be approximated as

γijkl �ω� �ωp�ωq�ωr �;ωp;ωq;ωr�

≅
1

ℏ3

�
μigeΔl

μΔk
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j
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: (B2)

Depending on the asymmetry of the molecule, the orienta-
tional averaging found in Eq. (4) could include additional terms
in relating χ�3� to γavg. But for simplicity we will assume slight
asymmetry such that the main nonlinear response is still along
one molecular coordinate axis, i.e., γxxxx , with transition dipole
moments defined along that axis (μx). Thus, we relate the

measured quantities n2 and α2 to Eq. (B2) by use of Eqs. (9)
and (10) where we include the subscript D in Eq. (10). In this
manner, we assume the same averaging due to the permutation
of the fields and the subscript D, T now indicates that the 2PA
coefficient is the addition of only the D-terms and mixed
T-terms, but not the N-terms, as discussed in the main paper.
We note that for μgg, μee ≠ 0, the D-terms mimic the shape of
the T-terms in both their real and imaginary components with
peak responses at half of the 1PA resonance and at the 1PA
resonance. Thus, the D-terms can significantly affect both
the 2PA and NLR near 0.5ωeg and as ω → ωeg . With the in-
clusion of the D-terms, the sign and magnitude approaching
the DC limit are determined by

γ̂jDC � 4jμgej2
ℏ3ω3

eg

�
Δμ2 �

X
e 0

ωeg

ωe 0g
jμee 0 − μgg j2 − jμgej2

�
: (B3)

APPENDIX C

For the linear spectroscopic measurements, the choice of
solvent is determined by the maximum solubility of the par-
ticular molecule. The peak molar absorptivity coefficient is ob-
tained for each dye by preparing different concentrations and
fitting their peak optical density versus the concentration to a
linear regression to extract the value according to the Beer–
Lambert law.

For YZ-V-69, the 2PA and NLR spectra were obtained via
the conventional Z-scan methodology [55]. A Ti:sapphire
amplifier (Clark MXR, CPA 2010) producing 2 mJ, 140 fs
(FWHM), 1 kHz repetition rate pulses at 780 nm pumps an
optical parametric generator/amplifier (OPG/A, Light
Conversion, TOPAS-800) to produce the wavelengths of
measure. TheND-2PAmeasurements performed in chloroform
were obtained using the experimental procedures outlined
in [1].

The experimental conditions to measure the 2PA spectrum
via two-photon induced fluorescence for SJZ-3-16 can be
found in the Supplemental Information of [53] (labeled as
Compound 4). The experimental conditions for the measure-
ments of n2 via white-light continuum Z-scans can be found
in [36].

For S-7C, the experimental conditions and procedures used
to obtain both ND-2PA and Z-scan measurements are outlined
in [1].

The experimental conditions for the 2PA spectrum of SD-O
2405 measured via two-photon induced fluorescence can be
found in [51] while the experimental conditions for the α2
and n2 measurements via DA Z-scans can be found in [55].

The 2PA and NLR spectra for AJBC 3702 and AJTC 02
were obtained using the conventional Z-scan methodology.
A Ti:sapphire amplifier (Clark MXR, CPA 2110) producing
1 mJ, 140 fs (FWHM), 1 kHz repetition rate pulses at 780 nm
pumps an optical parametric generator/amplifier (OPG/A,
Light Conversion, TOPAS-C) to produce the wavelengths
of measure.

The 2PA and NLR spectra for AJBC 3701 were obtained
using the DA Z-scan methodology. A Ti:sapphire amplifier
(Clark MXR, CPA 2110) producing 1 mJ, 140 fs (FWHM),
1 kHz repetition rate pulses at 780 nm pumps an optical
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parametric generator/amplifier (OPG/A, Light Conversion,
TOPAS-C) to produce the wavelengths of measure. The DA
Z-scan technique is beneficial in instances where the solute
nonlinearity is small compared to that of the solvent for solu-
tion measurements. In conventional Z-scans, two Z-scans are
taken: one of the solvent and one of the solution. The scans
are then subtracted from each other and the result is the signal
due to the solute. Thus when subtracting the solvent signal
from the solution signal, the resultant solute signal can be
masked by the noise of the two sequential measurements. In
the DA Z-scan case, the solvent and solution are scanned si-
multaneously with identical optics, cuvettes, and detectors used
in the two paths. Thus the noise that is common to both paths,
e.g., pulse energy, beam size, pulse width, and beam pointing,
are subtracted in determining the signal from the solute. This
significantly enhances the signal-to-noise ratio (SNR) and elim-
inates the solvent background nonlinear refraction signal. To
realize the enhancement in the SNR requires an identical irra-
diance distribution in both arms along with matching sample
positions. It has been shown in [55] that this technique allows
for the measurement of solute n2’s an order of magnitude
smaller than that of the solvent, and 1.5 × smaller than that
of the quartz cuvettes. Moreover, this enhancement in sensitiv-
ity becomes particularly important when measuring at spectral
regions where the NLR changes sign and while approaching the
DC limit where the NLR is small.

APPENDIX D

The goal of this section is to consolidate the many different
nonlinear definitions presented in the literature as well as pro-
vide useful conversions to each. A worksheet that allows for
conversion between the various terms described by these equa-
tions is provided in [56]. Unless otherwise noted all universal
constants and material parameters are in m, kg, and s (mks)
whereas all esu units are in cm, g, and s. We define the electric
field as E � 1

2 E0 exp�i�kz − ωt��ê� c:c:, where E0 is the com-
plex field amplitude, ê is the unit vector in the field direction,
and c:c: stands for the complex conjugate of the
preceding term. We start with the definition for third-order
nonlinear absorption [34],

α2 �
3ω

2ϵ0c2n20
Im�χ�3�D;T �; (D1)

where it is assumed that there is no linear absorption saturation
contribution to χ�3�. The relationship between χ�3� and γ is
given as [57,58]

χ�3� � ϵ−10 Nf �3�γ: (D2)

Using Eq. (D2) with Eq. (D1) allows us to obtain a relation
between α2 and Im�γD;T �,

Im�γD;T � �
2ϵ20c

2n20α2
3ωNf �3� ≅ 2.49 · 10−15

n20λ0α2
Nf �3� ; (D3)

where λ0 � 2πc∕ω is the vacuum wavelength. Combining
Eqs. (11) and (D3) gives the relation between δ2PA and
Im�γD;T � along with Im�χ�3�D;T � as

Im�γD;T � �
2ϵ20c

2n20δ2PA
3 · 1058ℏω2f �3� ≅ 1.25 · 10−48

n20λ
2
0δ2PA
f �3� ;

(D4)

Im�χ�3�D;T � �
2N ϵ0c2n20δ2PA
3 · 1058ℏω2

≅ 1.42 · 10−37Nn20λ
2
0δ2PA: (D5)

To switch between mks and esu, we use the following:

χ�3�mks �
4π

9
· 10−8χ�3�esu ≅ 1.40 · 10−8χ�3�esu; (D6)

γesu �
χ�3�esu

10−6Nf �3� : (D7)

Therefore, we can rewrite Eqs. (D1), (D3)–(D5) in esu as

Im�χ�3�D;T ;esu� �
3 · 108ϵ0c2n20α2

2πω
≅ 2.02 · 104n20λ0α2; (D8)

Im�γesuD;T � �
3 · 1014ϵ0c2n20α2

2πωNf �3� ≅ 2.02 · 1010
n20λ0α2
Nf �3� ; (D9)

Im�χ�3�D;T ;esu� �
3N ϵ0c2n20δ2PA
2π · 1050ℏω2 ≅ 1.015 · 10−29Nn20λ

2
0δ2PA;

(D10)

Im�γesuD;T � �
3ϵ0c2n20δ2PA

2π1044ℏω2f �3� ≅ 1.015 · 10−23
n20λ

2
0δ2PA
f �3� :

(D11)

For the definitions corresponding to NLR, we define the
change in index Δn � nmks

2 I , where I is defined as
1∕2n0cϵ0jE0j2. This definition yields [34]

nmks
2 � 3

4ϵ0cn20
Re�χ�3��: (D12)

Combining Eqs. (D9) and (D2) leads us to the relation be-
tween n2 and Re�γ�:

Re�γ� � 4ϵ20cn
2
0n

mks
2

3Nf �3� ≅ 3.13 · 10−14
n20n

mks
2

Nf �3� : (D13)

Combining Eq. (12) with Eqs. (D12) and (D13) gives the
relation between δNLR and Re�γ� and Reχ�3�:

Re�γ� � 4ϵ20cn
2
0δNLR

3 · 1058f �3�ℏωk0
≅ 2.51 · 10−48

n20λ
2
0δNLR

f �3� ; (D14)

Re�χ�3�� � 4N ϵ0c2n20δNLR

3 · 1058ℏω2
≅ 2.83 · 10−37Nn20λ

2
0δNLR :

(D15)

To convert to esu for NLR, we now switch to the definition
of Δn � nesu2 E2

0∕2, which leads to the following relations
[59,60]:

nesu2 � 3π Re χ�3�esu

n0
; (D16)

nesu2 � cn0nmks
2

40π
: (D17)
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Thus, we can write Eqs. (D12)–(D15) in esu:

Re�χ�3�esu� � cn20n
mks
2

120π2
≅ 2.53 · 105n20n

mks
2 ; (D18)

Re�γesu� �
106cn20n

mks
2

120π2Nf �3� ≅ 2.53 · 1011
n20n

mks
2

Nf �3� ; (D19)

Re�χ�3�esu� � Nc2n20δNLR

120 · 1058π2ℏω2
≅ 2.03 · 10−29Nn20λ

2
0δNLR ;

(D20)

Re�γesu� �
c2n20δNLR

120 · 1052π2ℏω2f �3� ≅ 2.03 · 10−23
n20λ

2
0δNLR

f �3� :

(D21)

Furthermore, combining Eqs. (D2), (D6), and (D7) gives
the following useful relation:

γesu � 9 · 1014�4πϵ0�−1γmks ≅ 8.1 · 1024γmks: (D22)

Lastly, we define the FOM in terms of the above parameters,

FOM � 4π

λ0

				 nmks
2

αmks
2

				 � 2

				 δNLR

δ2PA

				 �
				 Re�χ�3��
Im�χ�3�D;T �

				 �
				 Re�γ�
Im�γD;T �

				;
(D23)

where this definition differs from that of [6] by a factor of 4π.
Again, no linear absorption saturation is included in the
Im�χ�3�� or Im�γ�.
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