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Abstract
We investigate the scattering response of parity-time (PT) symmetric structures. We show that,
due to the local flow of energy between gain and loss regions, such systems can deflect light in
unusual ways, as a function of the gain/loss contrast. Such structures are highly anisotropic and
their scattering patterns can drastically change as a function of the angle of incidence. In
addition, we derive a modified optical theorem for PT-symmetric scattering systems, and discuss
its ramifications.
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1. Introduction

Non-Hermitian systems have recently attracted considerable
attention in a diversity of areas within physics. This flurry of
activity has been sparked within the framework of quantum
field theory following recognition that a wide class of non-
Hermitian Hamiltonians that respect PT symmetry can
exhibit entirely real spectra [1, 2]. Lately, it has been shown,
both theoretically and experimentally, that PT-symmetric
potentials can be realized in optics by judiciously incor-
porating gain and loss [3, 4]. Since then, PT-symmetric
optical structures have been intensely studied in a number of
settings [5–26]. As has been shown, the presence of
balanced gain and loss regions in such structures can lead to
a wide range of interesting phenomena such as negative
refraction [10], unidirectional invisibility [11–13], pseudo-
Hermitian Bloch oscillations [6, 14] and single-mode lasing

[22–24], to mention a few. Thus far, most of these studies
have been focused on guided wave systems and lattices.
However, much less attention has been paid to scattering
arrangements in two- and three-dimensional geometries
[7, 9]. Therefore, it is of interest to explore the effect of PT
symmetry on the scattering response of electromagnetic
waves. In this Letter, we study the scattering of light from
PT-symmetric dielectric objects. To elucidate this behavior,
we consider an infinitely long Janus-like cylinder which
involves both gain and loss in a fully symmetric fashion, as
shown in figure 1. We show that such a structure can deflect
scattered light by an amount that is related to its gain/loss
contrast. In addition, as we will see, such objects are highly
anisotropic, and the far-field scattering pattern can change
with the angle of incidence. Finally, we discuss a modified
optical theorem that is applicable to PT-symmetric
structures.
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2. Mathematical formulation

In general, a dielectric object respects PT symmetry provided
that its relative electric permittivity satisfies [2]

( ) ( ) ( )* - =r r . 1

This latter relation directly indicates that, for this sym-
metry to hold, the real part of permittivity (or refractive index)
must be an even function of the position vector while its
imaginary (gain/loss profile) must be antisymmetric. For
example, this condition can be readily observed in homo-
geneous (in terms of their refractive index) Janus spherical or
cylindrical configurations (figure 1), where one half exhibits
gain while the other an equal amount of absorption. Other
more involved PT-symmetric patterns can also ensue from
equation (1) in both 2D and 3D systems.

To demonstrate these effects, let us consider a two-
dimensional dielectric body in the xy plane. For simplicity,
we restrict our analysis to the transverse electric case where
the electric field component ( )= w-rE E ez

ti is perpendicular
to the plane of propagation. In this case, the electric field
obeys

( ) ( ) ( ) ( ) + =r r rE k E 0, 22 2

where in this notation, ˆ ˆ = ¶ ¶ + ¶ ¶x yx y, ˆ ˆ= +r x yx y,
and p l=k 2 represents the wavenumber in the background
medium (of permittivity )b ) and finally ( ) ( )  =r rm b

corresponds to the normalized spatial distribution of the
relative permittivity of this object ( ) r ,m which is generally a
complex quantity. When a dielectric object is illuminated by
an arbitrary incoming wave, the total electric field can always
be decomposed in terms of incident ( )E i and scattered ( )E s

components as follows ( ) ( ) ( )( ) ( )= +r r rE E E ,i s where the
incident field satisfies the Helmholtz equation in the back-
ground medium ( ) ( )( ) ( ) + =r rE k E 0.i i2 2 Therefore, the
scattered field should satisfy an integral equation

( ) ( ) ( ( ) ) ( ) ( | |)( ) ( )ò ¢ ¢ ¢= + - - ¢r r r r r rE E E H k d r1 .i ik

4 0
1 2

2

Here, the far-field ( )kr 1 scattering pattern is of particular
importance. By using the asymptotic form of the Hankel
function in the far field, one can show that for an incoming
plane wave ( )( ) = ⋅k rE E exp i ,i

0 the far-field scattering

response can be described via

( ) ( ) ( )q= ⋅ +
⎛
⎝⎜

⎞
⎠⎟k rE E f

kr
exp i

e
. 3

kr

0

i

In this relation, ( )qf represents the so-called scattering
amplitude, which is obtained in terms of the electric field
inside the scatterer through

ˆ( ) ( ( ) ) ( ) ( )( ) ò ¢ ¢ ¢q = - - ⋅ ¢
p
+ r r r rf E k r1 exp i d .k i1

2
2

2

Note that the scattering amplitude implicitly depends on the
direction k̂ of the incoming plane wave.

Here, we use the method of moments as discussed in
[27], in order to numerically solve the governing integral
equation for the total electric field inside the scatterer. In this
method, the cross section of the dielectric cylinder is divided
into small cells, each radiating as an electric current filament.
By assuming that the electric field is approximately constant
in each cell, the integral equation is then converted into a set
of N linear algebraic equations [27], where N represents the
total number of cells. Once the total electric field inside the
scatterer is known, the scattering amplitude can be subse-
quently obtained through the associated Fourier integral.

3. Deflection of plane waves by PT-symmetric
cylindrical objects

We now turn our attention to a PT-symmetric infinitely long
dielectric cylinder, as depicted in figure 1. In this case, the
upper half of this system displays gain,   = - i ,R I1

whereas the lower half displays a balanced amount of loss,
  = + i ,R I2 ( ) > 0 .I The scattering strength is quantified
via the following two dimensionless quantities

( ) ( )( ) p l= - = -m k a a1 2 1R R R0 and = =m k aI I0

( )p la2 .I Figure 2 shows the near and far-field scattering
pattern arising from such a PT- symmetric cylinder when
illuminated by a plane wave along the x direction. According
to this figure, in the near field, light is mostly concentrated in
the gain side. However, in the far field, light tends to bend
toward the lossy section. Note that, aside from this deflection,
the azimuthal distribution of the scattering amplitude is
almost preserved. By further increasing the gain/loss con-
trast, the bending angle increases until reaching a point where
the scattering pattern changes drastically and the deflection
angle cannot even be defined.

This deflection in scattering is a direct outcome of the
local energy flow that takes place between the gain and the
loss region. This, in turn, leads to a tilt in the light wavefront
while propagating along the gain/loss interface of this PT-
symmetric cylinder. Figures 2(g), (h) depict the time average
energy flux vector

( ) ( )( ( ) ( ) ( ) ( ))* *wm=  - S r r r r ri E E E E4

in the near field of the cylinder which clearly shows the local
energy flow at the boundaries of the gain/loss regions.

Figure 1. Plane wave incident on a PT-symmetric Janus cylinder.
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Following this discussion, one should expect that scat-
tering from a PT-symmetric object must vary as a function of
the incident angle with respect to the gain/loss interface.
Figure 3 indeed indicates that both the angle of deflection as
well as the maximum scattering amplitude change drastically
with the angle of incidence. It is worth noting that the amount
of gain used in the examples of figures 2 and 3 is large, and
therefore it is experimentally out of reach. It would be of
interest to see if one could observe similar results without
utilizing such high gain values. Along these lines, we con-
sider again the PT-symmetric cylinder of the previous
example while this time the gain region is replaced with a

transparent material of the same relative permittivity, i.e.
 = ,R1 and   = + i .R I2 As shown in figure 4, even in the
absence of gain, the aforementioned deflection property is
preserved. Of course, as one should expect, the deflection
angle is reduced when compared to the corresponding PT
cylinder. This is because the light deflection depends on the
contrast between the imaginary parts of the two regions. Note,
however, that in the absence of gain, the scattering amplitude
is reduced since attenuation effects cannot be compensated in
the loss region.

Given that the structure of figure 1 lacks mirror symmetry
in the y direction, one may ask whether this deflection effect
is a direct consequence of broken mirror symmetry or is an
outcome of the gain and loss present in the two sectors. To
answer this question, here we consider two different scenar-
ios. First, we investigate the properties of a Janus cylinder
composed of two lossless dielectric materials with different
refractive indices or relative permittivities ( )  = - DR R1

and ( )  = + D .R R2 In the second scenario, we consider a
PT-symmetric cylinder having two parts with relative per-
mittivities   = + iR I1 and   = - i .R I2 If we assume that
the index contrast in the first case ( )D2 R is comparable to the
gain and loss contrast in the second situation ( )2 ,I it would
be of interest to see which structure can lead to a stronger
deflection. The simulation results of these two scenarios are
compared in figure 5. As indicated in this figure, the deflec-
tion angle obtained for a PT scatterer (red) can be much larger
than the one possible from a standard Janus cylinder (blue).
While the difference is clearly visible for week scatterers
( ) pm 2 ,R for stronger scatterers the deflection angles
corresponding to these two structures start to approach each
other.

Before concluding this section, we explore the effect of
the size of the PT cylinder on its scattering behavior. Given
that the results presented so far are all concerned with a
wavelength-sized scatterer, it would be of interest to see how
the gain/loss-induced bending effect is affected by different
scatterer sizes. Figure 6 depicts the deflection angle qd with
respect to the radius of the PT cylinder a, normalized to the
free-space wavelength l .0 According to this figure, in the
subwavelength regime, the deflection increases to very large
angles, while in the same regime the scattering amplitude is
weak and spans the entire range of the polar angle q. In the
opposite regime, however, when the scatterer size is larger
than the wavelength, the far-field scattering pattern becomes
very narrow. In this case, the scattered light is still deflected
with respect to the incoming plane wave, but the deflection
angle is much smaller.

4. Modified optical theorem for PT-symmetric
scatterers

According to figures 2(a), (b), for the fully transparent case,
maximum scattering amplitude occurs right behind the
cylinder. Indeed, the optical theorem demands that the scat-
tering amplitude right behind a Hermitian scatterer is never
zero. The optical theorem itself is an outcome of the power

Figure 2. (a), (b) The near-field pattern of the total electric field
intensity normalized to the incident plane wave’s intensity
( | | | | )E E ,2

0
2 and far-field patterns of the scattered electric field

intensity ( | ( ) | )qf 2 for the case of a passive lossless scatterer, i.e.
 = 0,I (c), (d) near-field and far-field patterns for a PT-symmetric

scatterer with  = 0.2,I (e), (f) the same as in the previous case
when the imaginary part of permittivity is increased to  = 0.4,I

and (g), (h) Poynting vector associated with the Hermitian and the
PT-symmetric cylinders of part (a) and (e), respectively. In all cases
 = 2.1,R the background material is assumed to be free space
( ) = 1 ,b and the diameter of the cylinder is equal to the wavelength
of the incoming plane wave. In the above examples a heavy gain/
loss contrast has been used to exemplify these features.
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conservation in Hermitian systems. In such arrangements, this
theorem relates the total scattered power to the scattering
amplitude right behind the scatterer. For 2D structures and
under TE polarization conditions, this relation can be stated as

| ( ) | [( ) ( )]ò q q p= - +
p

f i fd 2 1 0
0

2 2 R where R represents
the real part [28].

Even though, in the presence of gain and loss, power
conservation does not necessarily hold in the usual way,
because the gain region can supply additional energy, as we
show here, the optical theorem can be modified accordingly
for PT-symmetric structures. To show this, let us start with
equation (2) in the presence of a PT-symmetric relative
permittivity distribution, as given by equation (1). Using
equation (2) along with its parity and time-reversed counter-
part, one can simply show that

( ) ( ) ( ) ( ) ( )* * - - -  =r r r rE E E E 0. 42 2

By integrating this relation over the area of a circle of
radius  ¥r which spans over the entire xy plane, we find

ˆ( ( ) ( ) ( ) ( ))* *ò q⋅  - - - ⋅  ⋅ =
p

r r r r rE E E E d 0.
0

2

Without any loss of generality, we assume that the incoming
wave is propagating along the x direction ˆ=k xk, and hence,

by using the far-field approximation (equation (3), the electric
fields can be written as ( ) ( )q= +q- -

rE fe kr
kr

i cos e kri

and

( ) ( )* * q p- = + +q -
rE fe .kr

kr
i cos e kri

By employing these

approximations in the integral relation, and after neglecting
terms that decay faster than ( )-kr ,1 one finds that

( ) ( )

( ) ( )

( ) ( )

( )

( )

*

*

ò

ò

ò

q q p q

q q p q

q q q

+ +

´ + + +

´ - =

p

p q

p q

- -

+ +

f f

f

f

d

1 cos e d

1 cos e d 0.

kr kr

kr
kr

kr

2

0

2 1

0

2 i 1 cos 1

0

2 i 1 cos

The stationary phase approximation can now be used to show
that:

( ) ( ) [( ) ( )] ( )*ò q q p q p p+ = - +
p

f f i fd 2 1 , 5
0

2
R

which is a modified version of the optical theorem valid for
PT-symmetric objects. Equation (5) can be viewed as a
manifestation of the quasi-energy conservation in PT-
symmetric systems. Notice that, in contrast to the conven-
tional optical theorem, this sum rule relates the integral on the
left to the backward scattering from the PT-symmetric object.
The quantity in the integrand can be, in general, complex,
implying that zero backscattering is not necessarily synon-
ymous with zero scattering at all angles, but only that the
integrated quantity is zero.

To further explain the meaning of equation (5), we define
a time-averaged quasi-energy flux vector as:

( ) [ ( ) ( ) ( ) ( )] ( )* *
wm

=  - - - F r r r r r
i

E E E E
4

. 6

Note that equation (4) directly follows  ⋅ =F 0, thus
the line integral of F over an arbitrary closed contour is zero:

∮ ˆ ( )⋅ =F ndℓ 0, 7

Figure 3. The deflection angle (a) and the maximum scattering amplitude (b) for different angles of incidence. The PT cylinder parameters are
identical to those used in figure 2.

Figure 4. Scattering pattern resulting from a PT-like cylinder. The
real parts of the relative permittivity in both regions are the same.
While the upper half of this cylinder is transparent, the other half
exhibits loss. Here,  = 0.4I and all other parameters are the same as
in figure 2.
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where n̂ represents the local normal vector to the contour. It
should be noted that this latter relation shows the conservation
of the quasi-energy, and it is derived directly from
equations (1), (2), thus it is valid for any PT-symmetric
structure. A specific integration contour in equation (7) would
be a circle of radius r centering on the origin that in the
asymptotic limit of  ¥r leads to the PT optical theorem
(equation (5)). Therefore, equation (5) can be described as a
relation between the rate of quasi-energy scattering by a PT-
symmetric structure and its field scattering amplitude in the
backward direction. Another interesting outcome of this

relation is that the far-field integral of ( ) ( )*ò q q p q+
p

f f d
0

2

for a PT-symmetric structure is a real quantity which can be
either positive or negative.

5. Conclusion

In conclusion, we have studied the scattering properties of
PT-symmetric cylinders. We showed that such scatterers can
deflect light toward the loss sector at an angle that depends on
the gain/loss contrast. Such a bending effect also depends on
the angle of incidence in a way that means maximum
deflection is obtained when the incoming wave propagates
along the gain and loss interface. We showed that similar
results can be obtained for quasi-PT structures which involve
only loss. The effect of the scatterer size was explored and it
was shown that the bending effect is stronger in the sub-
wavelength regime, where the scattering strength itself is
weak. Finally, we investigated the optical theorem associated
with two-dimensional PT-symmetric structures. We derived a
modified optical theorem for PT scatterers which reflects the
underlying symmetries of PT-symmetric structures and is a
manifestation of quasi-energy conservation in such systems.
Our results can be potentially useful for applications where
beam deflection over a wavelength scale device is required.
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