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Static Gain, Optical Modulation Response, and
Nonlinear Phase Noise in Saturated Quantum-Dot

Semiconductor Optical Amplifiers
Xiaoxu Li and Guifang Li, Senior Member, IEEE

Abstract—A rate equation model preserving charge neutrality
for quantum-dot semiconductor optical amplifiers (QD-SOAs) is
established to investigate the nonlinear gain dynamics in the satu-
ration regime. The static gain of QD-SOA is calculated assuming
overall charge neutrality and compared with that without overall
charge neutrality. Optical modulation response and nonlinear
phase fluctuation through saturated QD-SOAs are calculated
numerically based on a small-signal analysis. The gain dynamics
of QD-SOAs are strongly dependent on the current injection level.
The carrier reservoir in the wetting layer and continuum state is
necessary for QD-SOAs to operate with high gain, high saturation
power, and ultrafast gain recovery.

Index Terms—Gain recovery, modulation response, phase noise,
quantum dots (QDs), semiconductor optical amplifiers (SOAs).

I. INTRODUCTION

Q UANTUM-DOT (QD) devices have attracted great atten-
tion in recent years because of their high differential gain
and fast relaxation into the active state from the barrier

and wetting layer (WL) [1]. QD semiconductor optical ampli-
fiers (SOA) can potentially offer many advantages over bulk
and quantum-well (QW) counterparts, resulting primarily from
three-dimensional (3-D) quantum confinement of electrons and
holes in quantum dots. Ultrafast gain recovery time of the order
of 100 fs has been observed in QD-SOAs, which makes them
ideal for ultrafast signal processing [2]. Recently, QD-SOAs
with high gain, high saturation power, and low noise figure over
an ultrawide gain spectrum of 120 nm have been developed
as a cost-effective alternative to erbium-doped fiber amplifiers
(EDFAs) for optical transmission [3].

As is with the electrical modulation response of QD lasers [4],
[5], the optical modulation response of QD-SOAs is important
because it is directly related to the gain fluctuation and, through
the linewidth-enhancement factor (LEF) or chirp factor [6],
the nonlinear phase noise, which in turn determines the perfor-
mance of transmission systems for phase-modulated signal such
as differential-phase-shift-keying (DPSK) using SOAs for op-
tical amplification or regeneration [7]. In this paper, we present a
QD-SOA model for carrier relaxation and excitation among QD
energy states and WL, taking into account overall charge neu-
trality for the whole device. The dc characteristics of QD-SOA
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are studied first followed by an analysis of small-signal ac mod-
ulation characteristics. The effective carrier lifetime and satu-
ration output power are derived. Finally, the optical modulation
response and nonlinear phase fluctuation in saturated QD-SOAs
are calculated.

II. THEORY

A. Rate Equation Model for QD-SOA

The QDs are assumed to have two discrete energy states, i.e.,
ground state (GS) and excited state (ES), and a continuum state
(CS), which is an ensemble of dense excited states in each dot.
Different dots are interconnected through a two-dimensional
(2-D) WL. Our model ignores barrier dynamics and assumes the
electrons are injected directly into the WL, then captured by the
CS and finally relaxed into the ES and GS. The corresponding
rate equations describing the change in carrier (electron) densi-
ties in the WL , CS , ES , and GS , which
are all normalized to the active region volume, can be written as
[2], [8]–[11]

(1)

(2)

(3)

(4)

where is the injection current density, is the electron charge,
is the thickness of the WL, is the photon energy corre-

sponding to the GS transition, is the optical power, and is
the cross section of the active region. Electron occupation prob-
abilities , , , and correspond to the WL, CS, ES, and
GS, respectively, and are related to electron densities by

(5)
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where , , , and are the degeneracies of the cor-
responding electron states. The factor of two is from electron
spin. The effective volume density of the QDs is , given by

, where is the surface density of QDs. The
modal gain in GS is , given by , where

is the maximum modal gain, which depends on the con-
finement factor of each QD, the surface density of QDs, and the
number of QD layers. The hole occupation probability in the GS
in the valence band of QDs is . The electron spontaneous re-
combination lifetimes in the WL and the GS are and ,
respectively. The electron capture time from the WL to the CS
is and described by

(6)

where is the electron capture time solely associated with
the phonon-assisted process, is the dimensionless ratio of
the Auger-assisted coefficient to the phonon-assisted coefficient
in the capture process. The electron escape time from the CS
to the WL is and can be expressed, under the condition of
thermal equilibrium, by

(7)

where is the energy separation between the WL bandedge
and the CS in the conduction band of QDs and is the thermal
energy at room temperature. The same relationship is applied
to the intradot relaxations and excitations thereby the intradot
relaxation and excitation times in (2)–(4) can be expressed as

(8)

where is the phonon-dominated relaxation time and
is the dimensionless ratio of the Auger-assisted coefficient to
the phonon-assisted coefficient in the relaxation processes, and

is the energy separation between the th state and the th
state in the conduction band of QDs. Assuming “k-conserva-
tion” in the interband transition, can be written by

and (9)

where is the energy separation between the corresponding
hole states in the valence band of QDs and and are the
effective masses of electron and hole, respectively.

B. Overall Charge Neutrality of QD-SOA

The overall charge neutrality of QD-SOA can be described
by

(10)
where , , and are the hole occupation probabilities in the
WL bandedge, CS, and ES in the valance band of QDs, respec-
tively. Due to the larger effective mass of holes and the resulting
small separation between energy levels, holes can be assumed

to be in equilibrium all times over the entire valence band. The
hole occupation probabilities satisfy the Fermi–Dirac distribu-
tion and can be written as

(11)

where is the hole energy level and is the quasi-Fermi
level of the valence band. The hole occupation probabilities at
upper levels can be further expressed as that in the ground state

(12)

where is the energy separation between the band edge of
the WL, CS, or ES, and the GS in the valence band. It is also
assumed in (10) that the electron states in the conduction band
and corresponding hole states in the valence band have identical
degeneracies assuming “k-conservation” in the transition.

C. Steady-State Solution

For a CW incident on the QD-SOA, (1)–(4) can be solved
by setting the left-hand side to zero. At a given optical power

and employing (10) and (12), the electron occupation proba-
bility and hole occupation probability in the GS can
be solved. Knowing and , the upper level electron occupa-
tion probabilities and modal gain can be written as

(13)

(14)

(15)

(16)

where is the normalized injection current to the amplifier,
given by

(17)

is an intrinsic parameter related to the saturation output
power of the amplifier and can be expressed as

(18)

In a traveling-wave QD-SOA, the evolution of optical power
can be described by [12]

(19)

where is the group velocity and is the internal loss coef-
ficient. Based on the above equation and the steady-state solu-
tions, the optical power and carrier densities along the longitu-
dinal SOA can be calculated numerically through iterations.



LI AND LI: STATIC GAIN, OPTICAL MODULATION RESPONSE, AND NONLINEAR PHASE NOISE IN SATURATED QD-SOAS 501

D. Small-Signal Analysis

The small-signal dynamics of QD-SOA are now investigated
through a perturbation analysis. To do so, the power, carrier oc-
cupation probabilities, and modal gain are assumed to be of the
form

(20)

where , , , , , , and are steady-state solutions
to (1)–(4) and (10). Substituting (20) into (1)–(4) and (10) and
neglecting higher order terms, the perturbation terms satisfy the
following linear differential equations:

(21)

where each element of the 4 4 matrix is a function of the
steady-state solutions. The solutions to (21) have the form

(22)

The first four terms on the right-hand side of (22) denote the
general solution and the transient process, in which , , ,
and are the eigenvalues of corresponding to normalized
eigenvectors of , , 2, 1; ,

, , and are the coefficients determined by the initial
conditions. The last term in (22) represents the particular solu-
tion to (21) and describes fluctuations of the carrier densities
and modal gain after a long observing time. It can be expressed
as

(23)

where satisfies

(24)

where . The above equation can
be solved analytically in the frequency domain assuming

. Ignoring the transient process, the
relative gain fluctuation is associated with the relative power
fluctuation at an arbitrary position of a QD-SOA through

(25)

Here, exactly shows the optical modulation response of
the QD-SOA and can be expressed by

(26)

where

(27)

(28)

(29)

(30)

(31)

(32)

The minus sign on the right-hand side of (26) indeed reflects
the gain saturation of QD-SOA, i.e., the increasing power will
lead to the decreasing gain. It is clearly seen that the optical
modulation response of the QD-SOA is composed of four low-
pass frequency responses, which have characteristic times of ,

, , and , corresponding to the contributions from WL, CS,
ES, and GS, respectively, where , , 2, 1.
The contribution of each term to the total modulation response is
weighed by the corresponding coefficient ( , , 2, 1 and

). Now, applying the small-signal analysis to (19),
one can write the propagation equation of the power fluctuation
as

(33)
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Fig. 1. Optical gain and output power of QD-SOA as functions of input power with (a) charge neutrality for whole device and (b) charge neutrality in GS only.

Solving (25) and (33) analytically, the position-dependent gain
fluctuation is given by

(34)
where is the relative power fluctuation at the input
of QD-SOA and is the position-dependent modal gain in
steady-state.

E. Nonlinear Phase Fluctuation (Noise) Through Saturated
QD-SOA

It is known that carrier density or gain in SOA introduces a
nonlinear phase shift to the light wave, which is directly
related to the gain through [13]

(35)

where is the LEF or chirp factor at GS transition wave-
length, is the time- and position-dependent modal gain
and . In the saturation regime of QD-SOA, if the
input optical power varies with time, e.g., from signal-ASE beat
noise, and will also contain a time-varying compo-
nent. The nonlinear phase fluctuation or noise through saturated
QD-SOA can be described by

(36)

and the frequency-dependent nonlinear phase fluctuation can be
further written as

(37)

III. RESULTS AND DISCUSSIONS

In order to study the gain dynamics and optical modulation
response of QD-SOAs, (1)–(4), (10), and (19) are solved numer-
ically. The parameters used in simulation are [2], [5], [8]–[10],
[14]: mm (length of the waveguide), nm,

m (strip width of the waveguide); cm ,
cm , cm ; , , ,
; ps, ps,

ns; , , ;
, and , where is the elec-

tron mass. As in [2] and [14], we take the interband transition
energies of the excited state, continuum state and band edge of
the WL as meV, meV and meV,
respectively, where is the photon energy corresponding to
the ground-state transition.

Fig. 1(a) shows the dependence of the gain and the output
power of QD-SOA on the input power at different injection
currents when charge neutrality for whole device is assumed.
Taking into account the Auger recombination, the electrons
spontaneous recombination lifetimes in the WL are 1,
0.8, and 0.4 ns, respectively, at injection currents of 50 mA,
300 mA, and 2.5 A. It is clearly shown that the small-signal
gain or the unsaturated gain increases significantly from 4.2 dB
at 50 mA to 20 dB at 2.5 A. It is noted that the SOA gain is
proportional to the population inversion in GS, i.e., .
The small unsaturated gain at low injection current is attributed
to low hole occupation in GS resulting in low population
inversion because of the thermal equilibrium among the closely
spaced hole states. The similar condition has already been
studied for QD lasers, which usually operate at low injection
current, and it is proved that the population inversion and gain
of QD lasers can be enhanced by p-doping the dots [15]. For
comparison, Fig. 1(b) shows the dependence of the gain and
the output power of QD-SOA on the input power at the same
injection current levels while charge neutrality is only assumed
in GS, i.e., . It is clearly seen in Fig. 1(b) that this
simple assumption overestimates the unsaturated gain at low
injection level [16] and only becomes valid for QD-SOAs with
high injection current. Hence, the overall charge neutrality of
QD-SOA is adopted in the following studies of gain dynamics.
In Fig. 1(a), the optical gain starts to saturate as the optical
power increases because of the carrier depletion in the QDs.
The saturation output power increases as the injection current
increases due to the increase of the carrier densities in the WL
as well as QDs. However, it is eventually limited by the density
of dots and the finite carrier capture and relaxation times. The
injection currents of mA and A corresponding
to current densities of 0.17 kA cm and 8.3 kA cm ,
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Fig. 2. Electron occupation probability in GS �� �, ES �� �, CS �� � and
hole occupation probability in GS �� � (top); electron occupation probability in
WL �� � (middle) and optical power (bottom) as a function of the normalized
QD-SOA length at � � �� mA and � ��� � ���� dBm.

respectively, are adopted in the following simulations to rep-
resent low and high injection level into the QD-SOA. The
corresponding saturation output powers are 13.5 dBm and
27.2 dBm, respectively.

A. Low Injection Level

Fig. 2 shows the evolution of the optical power of a CW signal
and the carrier densities in QDs and WL along the normalized
SOA length at the injection current of 50 mA. The optical input
power is 12.2 dBm leading to a gain of 1.2 dB, which is 3 dB
lower than the unsaturated gain. It is seen in Fig. 2 that hole oc-
cupation probability in GS is small due to the low injection
current, which leads to a weak population inversion of carriers
in GS and small modal gain of SOA. The carriers in QDs are
depleted gradually and signal power increases linearly when the
signal propagates along the SOA.

The optical modulation response described by (26) is plotted
as a function of modulation frequency in Fig. 3. The total mod-
ulation response (solid line) is composed of four low-pass fre-
quency responses, which are the contributions to the dynamics
due to WL, CS, ES, and GS, respectively. At the input of the
QD-SOA, shown in Fig. 3(a), the calculated characteristic times
corresponding to the contributions from WL, CS, ES and GS are
7.7 fs, 47.6 ps, 0.80 ps, and 0.64 ps, respectively. It is clearly
shown that the total modulation response of the QD-SOA is
dominated by the low-pass frequency response of the continuum
state and the effective characteristic time or gain recovery time
of the QD-SOA is 47.6 ps. Similarly, the optical modulation at
the output of the QD-SOA, shown in Fig. 3(b), is also dominated
by the CS low-pass frequency response and the gain recovery
time of QD-SOA is 50.4 ps. The slow modulation response or
gain recovery is attributed to the insufficient carriers supplied
into the QDs because of the small injection current. Therefore,
the gain dynamics of the QD-SOA is dominated by the car-
rier density pulsation (CDP), which also limits the modulation
speed of the bulk and QW SOAs [17]. Similar gain dynamics

Fig. 3. Optical modulation response of QD-SOA at � � �� mA and
(a) � ��� � ���� dBm and (b) � ��� � ���	 dBm. The contributions to
the total modulation response (solid line) due to WL, CS, ES, and GS are
represented by diamond, circle, triangle and square, respectively.

Fig. 4. Electron occupation probability in GS �� �, ES �� �, CS �� � and
hole occupation probability in GS �� � (top); electron occupation probability in
WL �� � (middle) and optical power (bottom) as a function of the normalized
QD-SOA length at � � ��� A and � ��� � ���� dBm.

of QD-SOAs under low injection current as bulk- or QW-SOAs
such as data pattern effect has been shown in [9].

B. High Injection Level

In Fig. 4, the evolution of the carrier densities and the optical
power are studied again at higher injection current of 2.5 A. The
input power of 10.2 dBm is incident onto QD-SOA to have a
gain of 17 dB with the same gain suppression as that in Fig. 2.
Both electrons and holes in QDs are fully populated at the input
of the SOA because of the weak stimulated emission and high
injection current. Thus, the signal experiences high gain and
signal power increases exponentially. As the power increases,
the electrons in GS are depleted first because of stimulated emis-
sion then the electrons in higher energy states and WL are de-
pleted subsequently due to the refilling into the lower energy
states. Meanwhile, the holes in GS of the dots experience faster
depletion than the electrons, which further weakens population
inversion in GS and the QD-SOA enters the saturation regime
eventually.

Fig. 5 shows the optical modulation response at the input and
output of the QD-SOA when the driving current is 2.5 A and
the average input power is 10.2 dBm. The optical modulation
response in Fig. 5(b) is stronger than that in Fig. 5(a) because
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Fig. 5. Optical modulation response of QD-SOA at � � ���A and (a) � ��� �
����dBm and (b)� ��� � ���� dBm. The contributions to the total modulation
response (solid line) due to WL, CS, ES, and GS are represented by diamond,
circle, triangle, and square, respectively.

Fig. 6. Frequency response of the accumulated nonlinear phase fluctuation
through the saturated QD-SOA. � � ��� A, � ��� � ���� dBm, and
	� ����� ��� � ���.

of the higher optical power and stronger gain saturation at the
output. It is observed from Fig. 3 and Fig. 5 that the optical
modulation response of QD-SOA, defined as the relative gain
fluctuation to the relative power fluctuation, is always governed
by the frequency response of CS, which is characterized by
in (26). Hence, (26) can be approximated by

(38)

Analogous to bulk- and QW-SOAs, the effective gain recovery
time and saturation output power of QD-SOA can be written as

(39)

The calculated effective gain recovery time is 1.6 ps at the
input of the QD-SOA [Fig. 5(a)], which is dominated by the in-
tradot relaxation. The calculated gain recovery time at the output
of the QD-SOA in Fig. 5(b) is 1.0 ps. This faster gain recovery
at the output of the QD-SOA is due to stronger stimulated emis-
sion. Faster gain recovery of 0.1 ps can be achieved at higher
optical power, which is consistent with the experimental mea-
surement in [18].

Based on (34) and (37), the dependence of the total nonlinear
phase fluctuation introduced by the saturated QD-SOA on the

small-signal modulation frequency is calculated and plotted in
Fig. 6 for different LEFs. Apparently, the frequency response
of nonlinear phase fluctuation through QD-SOA shows sim-
ilar low-pass features as the optical modulation response of
QD-SOA, described by (26). The nonlinear phase fluctuation
is proportional to the LEF of QD-SOA, which can be from as
small as 0.1 to more than 10, depending on the injection current,
temperature, photon energy, to name a few [19]–[21]. At the
LEF of 5.0, shown in Fig. 6, the amplitude of the accumulated
nonlinear phase fluctuation is up to 0.133 rad (0.266 rad or 15.2
degrees in terms of peak-to-peak) for small modulation slower
than 40 GHz, which is detrimental to the phase-modulated
signals in optical communications operating at 10 or 40 Gbit/s
and using QD-SOAs for optical amplifications.

IV. CONCLUSION

The gain dynamics and optical modulation response in satu-
rated QD-SOAs taking into account the overall charge neutrality
have been studied both analytically and numerically. Based on
the steady-state solution to and small-signal analysis of the rate
equation model, the optical modulation response of QD-SOAs is
analyzed semi-analytically, which features a low-pass filtering.
Similarly as in bulk- and QW-SOAs, the gain recovery time and
saturation output power of QD-SOAs are derived. Compared
to the conventional SOAs, QD-SOAs have more complicated
gain dynamics due to stronger couplings among the WL, CS,
ES, and GS. The characteristic times are not only dependent on
the transition time and carrier lifetime, but also dependent on
the carrier densities in WL and CS. Hence, the current injection
level plays an important role in gain saturation and dynamics of
QD-SOAs. When the injection current (density) is low, the WL
is not fully occupied thus is not able to refill the lower states
promptly after the carriers in lower states are depleted by the
strong stimulated emission. The gain recovery time is eventually
limited by the carrier lifetime and CDP is dominant. In this case,
QD-SOAs show similar performance as bulk- or QW-SOAs,
i.e., small saturation power and slow gain recovery [8]. How-
ever, at high injection current (density), the WL remains full as
carrier reservoir to the lower states and the population in GS
is fully inverted because of the higher quasi-Fermi level. The
gain recovery is mainly determined by the downward intradot
relaxation. In this case, the QD-SOAs outperform conventional
SOAs with higher saturation power and ultrafast gain recovery.
Regarding the application of QD-SOAs in optical transmission
systems operating at 10 or 40 Gbit/s, the intensity-modulated
signals such as on-off keying can be amplified or regenerated
without pattern effect due to the ultrafast gain recovery when
the QD-SOAs are highly injected. However, for phase-modu-
lated signals such as DPSK, QD-SOAs will introduce the non-
linear phase fluctuations or noise through the SOA chirp and
gain saturation.
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