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Strength of electromagnetic, acoustic and
Schrödinger reflections

BY SERGIY MOKHOV AND BORIS YA. ZELDOVICH*

College of Optics and Photonics: CREOL and FPCE,
University of Central Florida, PO Box 162700, Orlando, FL 32816-2700, USA

The notion of reflection strength S of a plane wave by an arbitrary non-absorbing layer
is introduced, so that the intensity of reflection is RZtanh2S. We have shown that
the total strength of reflection by a sequence of elements is expressed through particular
element strengths and mutual phases between them by a simple addition rule; in
particular, its possible maximum is the sum of the absolute strengths of constituents. We
show that the standard Fresnel reflection may be understood in terms of variable S as a
sum or difference of two separate contributions, due to an impedance step and a speed
step. Strength of reflection for propagating acoustic and quantum mechanical waves is
also discussed.

Keywords: reflection; electromagnetic waves; acoustic waves; continuous spectrum;
Schrödinger equation
*A

Rec
Acc
1. Introduction

Reflection of light by layered media is the subject of an enormous number of
works, including numerous monographs (see Brekhovskikh 1980; Haus 1984;
Landau & Lifshitz 1984; Azzam & Bashara 1987; Yeh 1988; Born & Wolf 1999).
In particular, reflection of light by volume Bragg gratings (VBGs) is usually
studied in a slow-varying envelope approximation (see Kogelnik 1969; Collier
et al. 1971; Zel’dovich et al. 1992) and recent experiments with VBGs in photo-
thermo-refractive glass by Glebov et al. (2002). This work is devoted to the
theoretical study of the general properties of reflecting elements. We allow for
modulation of both dielectric susceptibility 3(z) and magnetic permeability m(z).
The latter is especially important in connection with the new types of materials,
including the ones with 3!0 and m!0 (see review by Pendry 2003).
2. Matrix method for description of strength of reflection

For a better perspective, let us first consider the transmission VBG, which
couples two plane waves, A and B, both having a positive z -component of the
Poynting vector: PzZjAj2CjB j2. Here, the z -axis is normal to the boundaries of
the VBG. Absence of absorption results in the conservation law: PzZconst.
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Writing the matrix relationship for wave coupling in linear media, A(z)Z
NAA$A(0)CNAB$B(0) and B(z)ZNBA$A(0)CNBB$B(0) one comes to the
conclusion that matrix N̂ðzÞ must be unitary, i.e. it belongs to the elements of
the unitary group U(2).

Consider now a reflecting device, where the waves A and B propagate in opposite
directions with respect to the z -axis, so that PzZjAj2KjB j2. Absence of absorption
results in the conservation law: jAj2KjBj2Zconst. Writing the matrix relationship
for wave coupling in linear media,

AðzÞZMAA$Að0ÞCMAB$Bð0Þ and BðzÞZMBA$Að0ÞCMBB$Bð0Þ; ð2:1Þ
one can deduce from the assumption of energy conservation that the matrix M̂ðzÞ
satisfies the following conditions:

M̂ Z
a b

g d

 !
; jaj2Kjgj2 Z 1; jdj2Kjbj2 Z 1 and ab� Zgd�: ð2:2Þ

The most general form of such a matrix M̂ depends on the following four real
parameters: strength S, inessential phase j and two phases z and h,

M̂ Z eij
eiz 0

0 eKiz

 !
cosh S sinh S

sinh S cosh S

 !
eKih 0

0 eih

 !
: ð2:3Þ

The determinant of such a matrix equals exp(2ij), so that the modulus of that
determinant is 1. Such matrices constitute a U(1, 1) group: their multiplication and
taking inverse leave them within the same set. One can see an analogy between our
transformation of wave amplitudes (2.1)–(2.3) and the Lorentz transformation if
jAj2 is playing the role of c2t2, jB j2 the role of x2 and the quantity tanh S
corresponding to velocity parameter bZV/c, where V is the relative velocity of the
coordinate frames.

Physical addition of two sequential elements with the parameters S1, j1, z1, h1
and S2, j2, z2, h2, respectively, yields the element described by the matrix

M̂ 3ZM̂ 2M̂ 1, i.e. the matrix of the same type as (2.3). Here is the expression for
the resultant strength parameter S3,

S3 Z arcsinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sinh2ðS1CS2Þcos2tCsinh2ðS1K S2Þsin2t

q
; tZ z1Kh2; ð2:4Þ

which can vary due to a mutual phase difference between reflective elements.
The knowledge of the matrix M̂ðzÞ allows one to find the amplitudes of the

reflection and transmission coefficients. For example, for the problemwith thewave
A incident to the layer at the front, zZ0, and with no wave B incident to the
back, zZL, one substitutes boundary conditions A(0)Z1 and B(L)Z0 to get

0ZMBAðLÞCMBBðLÞ$r0rZrðB)AÞZK
MBAðLÞ
MBBðLÞ

ZKeK2ih tanhS ð2:5Þ

and
RZ jrðB)AÞj2Ztanh2S: ð2:6Þ

The presence of a hyperbolic tangent function is very satisfying: when the strength
S goes to infinity, the reflection goes to 1 asymptotically. Kogelnik’s (1969) theory
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of reflection by VBGs predicts the following value of the resultant strength:

RVBGZtanh2S; SZarcsinh S0
sinh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S 2
0KX2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S 2
0KX2

q
0
B@

1
CA;

S0Z jkjL; XZ
un

c
cos qinsideK

Q

2

� �
L:

9>>>>>=
>>>>>;

ð2:7Þ

Here, S0 is the strength of the VBG at perfect Bragg matching when the detuning
parameter is XZ0 and the coupling parameter jkjZ1/2 (n1u/c)$jcos(EA,EB)j
corresponds to modulation of the refractive index dn(z)Zn1 cos(Qz). The angle
qinside is the propagation angle of the waves A and B inside the material of the
VBG. Note that our formula (2.7) is mathematically identical to the result found
by Kogelnik (1969), but is written in a somewhat different form.
3. Superposition law for strength values of several elements

If a reflective VBG slab has a certain residual reflection by the boundaries, R1Z
jr1j2 and R2Zjr2j2, then the question arises about coherent interference between
the main VBG reflection from equation (2.7) and these two extra contributions.
Attentive consideration of the result (2.4) allows us to predict that, at any
particular wavelength and/or angle of the incident wave, the strength Stot of the
total element will be within the limits

SVBGKjS1jKjS2j%Stot%SVBGC jS1jC jS2j; S1;2 ZKarctanh r1;2: ð3:1Þ
Consider a particular example of the grating strength SVBGZ3.0 at resonance, so
that RVBGZ0.99. Even if one has to deal with Fresnel reflections, R1ZR2Z0.04
for n0Z1.5, the modified reflection at the exact Bragg condition is within the
boundaries 0.978%Rtot%0.996. On the contrary, in the spectral points of exactly
zero RVBG, the residual reflection varies within the interval

tanh2ðS1KS2Þ%R%tanh2ðS1 CS2Þ: ð3:2Þ
In particular, if R1ZR2Z0.04, then 0%R%0.148. Another example is if R1Z
R2Z0.003, then 0%R%0.012. Formula (3.2) allows us to also easily estimate
maximum and minimum reflection of a Fabri–Perot interferometer with lossless
mirrors of unequal reflectivities R1 and R2.
4. Understanding Fresnel reflection

Consider now a fundamental problem of electrodynamics: reflection of light by
the sharp boundary between two media at the incidence angle q1, so that the
refraction angle is q2. We denote by 31, m1, 32 and m2 the values of the dielectric
permittivity and magnetic permeability in these two media, so that the values of
phase propagation speed v1,2 and impedance Z1,2 are

vj Z
c

nj

; cZ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3vacmvac
p ; nj Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3jmj

3vacmvac

r
and Zj Z

ffiffiffiffiffi
mj

3j

r
; j Z 1; 2: ð4:1Þ
Proc. R. Soc. A (2008)

http://rspa.royalsocietypublishing.org/


S. Mokhov and B. Ya. Zeldovich3074

 on May 24, 2010rspa.royalsocietypublishing.orgDownloaded from 
The angles q1 and q2 are related by Snell’s law, which is governed by propagation
speed ratio, i.e. by the ratio of refractive indices n1 and n2, namely n1 sin q1Z
n2 sin q2. Cases of total internal reflection (TIR) and/or of absorbing second
medium require the definition

cos q2 Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1K

n1

n2

� �2

sin2q1

s
ZC 0

2 C iC 00
2 ; C 00

2O0: ð4:2Þ

The condition C 00
2O0 guarantees the exponential decrease of the transmitted

wave into the depth of the second medium. Amplitudes of reflection for
transverse electric (TE) and transversemagnetic (TM) polarization are well known,

rTE hrðEy)EyÞZ
cos q1=Z1Kcos q2=Z 2

cos q1=Z1 Ccos q2=Z 2

and

r TMhrðEx)ExÞZK
Z1 cos q1KZ 2 cos q2
Z1 cos q1 CZ2 cos q2

:

9>>>>>>=
>>>>>>;

ð4:3Þ

These expressions have two very instructive limiting cases. The first one is the
case of two media that have the same phase speeds v1Zv2 (and thus refractive
indices), so that q1Zq2. In a surprising manner, the reflection coefficients for such
a problem do not depend on the angle and are equal to each other,

rTE Z rTMhrDZ Z
Z2KZ1

Z2CZ1

: ð4:4Þ

The other case corresponds to media 1 and 2 having exactly the same impedances,
Z1ZZ2, but different propagation speeds, i.e. n1sn2. In this case, both reflection
coefficients are equal to each other (up to the sign),

rTE ZKrTMhrDvðq1ÞZ
cos q1Kcos q2
cos q1Ccos q2

: ð4:5Þ

In particular, there is no reflection at normal incidence for the pair of impedance-
matched media (stealth technology). Reflection strength values SZKarctanh r
for these two limiting cases are

SDZ Z
1

2
ln

Z1

Z2

� �
and SDvðq1ÞZ

1

2
ln

cos q2
cos q1

� �
: ð4:6Þ

Here is a truly remarkable relationship, which we have found. One can produce
the reflection strengths STE(q1) and STM(q1) by simple addition (for TE) or
subtraction (for TM) of the speed-governed and impedance-governed contri-
butions from (4.6),

STEðq1ÞZSDZ CSDvðq1Þ and STMðq1ÞZSDZKSDvðq1Þ; ð4:7Þ

and according to equation (2.6), rZKtanh S. One can easily verify that the
expressions (4.6) and (4.7) reproduce standard formulae (4.3) identically.
Proc. R. Soc. A (2008)
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5. Maxwell equations for coupled waves: exact approach

We have actually found (4.7) for ourselves, not empirically, but have derived the
result of additivity for reflection strength S directly from the Maxwell equations.
The idea is to formulate exact Maxwell equations for the layered medium in terms of
two coupled amplitudes A and B propagating with PzO0 and Pz!0, respectively.
We consider the incidence plane to be the (x, z)-plane, for a monochromatic wave
fexp(Kiut) incident upon a layered medium with the properties being
z -dependent only. By qair, we denote the incidence angle of the wave in air, so that

kair Zx̂kx Cẑkair;z ; kx Z
u

c
nairsin qair; kair;z Z

u

c
naircos qair: ð5:1Þ

The waves in a layered medium are naturally separated into TE and TM parts.
We will write electric and magnetic vectors of two polarizations through
appropriately normalized components ux, uy, uz and wx, wy, wz, respectively,

TE : Eðr; tÞZKŷuyðzÞexpðikxxK iutÞ
ffiffiffiffiffiffiffiffiffiffi
ZðzÞ

p
;

Hðr; tÞZ ½x̂wxðzÞC ẑwzðzÞ�expðikxxK iutÞ=
ffiffiffiffiffiffiffiffiffiffi
ZðzÞ

p
;

)
ð5:2Þ

and

TM : Eðr; tÞZ ½x̂uxðzÞC ẑuzðzÞ�expðikxxK iutÞ
ffiffiffiffiffiffiffiffiffiffi
ZðzÞ

p
;

Hðr; tÞZ ŷwyðzÞexpðikxxK iutÞ=
ffiffiffiffiffiffiffiffiffiffi
ZðzÞ

p
:

)
ð5:3Þ

Here and below, we use quantities k(z), p(z), g(z) and f(z) defined by

kðzÞZ unðzÞ
c

; pðzÞZ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2ðzÞKk2x

q
Z kðzÞcos qðzÞ; ð5:4Þ

gðzÞZ 1

2

d

dz
ln

1

ZðzÞ and f ðzÞZ 1

2

d

dz
ln

pðzÞ
kðzÞh

1

2

d

dz
ln cos qðzÞ: ð5:5Þ

The Maxwell equations for amplitudes of TE polarization are

ikuy Z vzwxK ikxwz Cgwx ; K ikwx ZKvzuy Cguy and K ikwz Z ikxuy; ð5:6Þ

and may be rewritten as

vzuy Z guy C ikwx and vzwx Z ip2=kuyKgwx : ð5:7Þ

It is convenient to introduce the amplitudes A(z) and B(z) for TE polarization by
the definitions

ATEðzÞexpðikair;zzÞZ
1ffiffiffi
8

p
ffiffiffi
p

k

s
uyðzÞC

ffiffiffi
k

p

s
wxðzÞ

0
@

1
A

and

BTEðzÞexpðK ikair;zzÞZ
1ffiffiffi
8

p
ffiffiffi
p

k

s
uyðzÞK

ffiffiffi
k

p

s
wxðzÞ

0
@

1
A:

9>>>>>>>>=
>>>>>>>>;

ð5:8Þ
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The value of the z -component of the Poynting vector for any incidence angle at
any point z is

PzðzÞZ
1

4
ExH

�
y KEyH

�
x Cc:c:

� �
Z jAðzÞj2KjBðzÞj2: ð5:9Þ

It should be emphasized that we have deliberately chosen such normalization of
amplitudes A(z) and B(z) so that relationship (5.9) is valid at any point z. One
may consider the transformation (5.8) as a transition to ‘slow-varying envelopes’
A(z) and B(z). It is important to emphasize, however, that no approximations
were made up to this point. Indeed, the exact Maxwell equations for TE
polarization are reduced to a very simple coupled pair,

d

dz

ATEðzÞ
BTEðzÞ

 !
Z V̂ TE

ATEðzÞ
BTEðzÞ

 !

and

V̂ TE Z
iðpðzÞKkair;zÞ ðgðzÞC f ðzÞÞexpðK2ikair;zzÞ

ðgðzÞC f ðzÞÞexpð2ikair;zzÞ KiðpðzÞKkair;zÞ

 !
:

9>>>>>>>>=
>>>>>>>>;

ð5:10Þ

A similar set of transformations may be done for TM polarization

K ikux ZKvzwyKgwy; Kikuz Z ikxwy;

Kikwy Z ikxuzKvzux Cgux5vzux Z gux C ip2=k and vzwy Z ikuxKgwy;

)

ð5:11Þ
with the same parameters k(z), g(z) and p(z). The amplitudes of coupled TM
waves are

ATMðzÞexpðikair;zzÞZ
1ffiffiffi
8

p
ffiffiffi
k

p

s
uxðzÞC

ffiffiffi
p

k

s
wyðzÞ

0
@

1
A

and

BTMðzÞexpðKikair;zzÞZ
1ffiffiffi
8

p
ffiffiffi
k

p

s
uxðzÞK

ffiffiffi
p

k

s
wyðzÞ

0
@

1
A:

9>>>>>>>>=
>>>>>>>>;

ð5:12Þ

Finally, the exact Maxwell equations for TM polarization are

d

dz

ATMðzÞ
BTMðzÞ

� �
ZV̂TM

ATMðzÞ
BTMðzÞ

� �
and

V̂TM Z
iðpðzÞK kair;zÞ ðgðzÞKf ðzÞÞexpðK2ikair;zzÞ

ðgðzÞKf ðzÞÞexpð2ikair;zzÞ KiðpðzÞK kair;zÞ

 !
;

9>>>>>>=
>>>>>>;

ð5:13Þ

with the same parameters f(z) and g(z) as in (5.5). The gradient functions f(z)
(related to propagation speed) and g(z) (related to impedance) enter as a sum
(for TE polarization) or as a difference (for TM polarization) into our ‘coupled’
equations. Sharp steps of n(z) and Z(z) yield our result: equations (4.7).

The notion of reflection strength was originally introduced by us for non-
absorbing media. It is worth noting that the reflection by a sharp step with an
Proc. R. Soc. A (2008)
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absorbing second medium and a reflection in the TIR regime are both described
by SZKarctanh(r) and the equations (4.6) and (4.7) are still valid. In particular,
the TIR regime corresponds to

SDZ Z
1

2
ln

Z1

Z2

� �
and SDvðq1ÞZ i

p

4
C

1

2
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn1=n2Þ2sin2q1K1

q
cos q1

0
@

1
A: ð5:14Þ

As expected, jr jZjtanh(ip/4CRe S )jZ1 for the case of TIR.
6. Acoustic and Schrödinger reflections

It is interesting to consider the reflection of longitudinal acoustic waves from the
boundary between two liquids that have densities r1 and r2, propagation speeds
c1 and c2 and therefore acoustic impedances Z1Zr1c1 and Z2Zr2c2, respectively.
A well-known expression for the reflection coefficient for the wave’s pressure
(Brekhovskikh 1980; Landau & Lifshitz 1987) is

rlongitudhrðp)pÞZ cos q1=Z1Kcos q2=Z2

cos q1=Z1 Ccos q2=Z2

: ð6:1Þ

For this acoustic case, we see that again the reflection strength is given by the
sum of two contributions,

rlongitud ZKtanh½Spðq1Þ� and Spðq1ÞZSDZ CSDcðq1Þ: ð6:2Þ
The Schrödinger equation for the motion of an electron in a given Bloch

band should generally account for two kinds of spatial inhomogeneity (see Nelin
2007). One of them is U(r) (Joule), i.e. the spatial profile of the bottom of the
Brillouin zone. The other one must describe m(r) (kg), i.e. the inhomogeneity
of the coefficient 1/(2m) in the parabolic approximation E(p)Zp2/(2m) of
the dependence of electron energy in the vicinity of the bottom of the Brillouin
zone on the momentum p. The corresponding Hermitian Hamilton operator is

Ĥ Z p̂
1

2mðrÞ p̂CUðrÞ ð6:3Þ

and it acts upon the wavefunction j. Consider now the motion with fixed energy
E, i.e. j(r,t)Zj(r)exp(KiEt/Z). Then, the stationary Schrödinger equation
takes the form

mðrÞV 1

mðrÞ Vj
� �

C
2mðrÞ
Z2

½EKUðrÞ�jZ 0: ð6:4Þ

If m(r)Zconst., then equation (6.4) is reduced to the conventional Schrödinger
equation. It is convenient to introduce the following two quantities: the
‘kinematic parameter’ k(r), i.e. the wavenumber, and the ‘dynamical parameter’
Z(r), the analogue of impedance, by the definitions

kðrÞZ 1

Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðrÞ½EKUðrÞ�

p
; ½k�ZmK1

and

ZðrÞZ mðrÞ
ZkðrÞ Z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðrÞ

2½EKUðrÞ�

s
; ½Z �Z s mK1:

9>>>>=
>>>>;

ð6:5Þ
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Numerically, the parameter Z(r) coincides with the local value of the inverse
group velocity. With these notations, the equation (6.4) takes the form

ZðrÞkðrÞV 1

ZðrÞkðrÞ Vj
� �

Ck2ðrÞjZ 0: ð6:6Þ

This equation (6.6) has two interesting limiting cases. One of them is equation
(6.6) with ZZZ0Zconst.,

kðrÞV 1

kðrÞ Vj
� �

Ck2ðrÞjZ 0; ð6:7Þ

and we may call it the Z-Helmholtz equation, to emphasize the condition ZZ
Z0Zconst. The other limiting case is when kZk0Zconst., but the impedance is
coordinate dependent,

ZðrÞV 1

ZðrÞ Vj
� �

Ck20jZ 0; ð6:8Þ

and for similar reasons (6.8) may be labelled as the k-Helmholtz equation.
Finally, when both ZZZ0Zconst. and kZk0Zconst., we come to the standard
Helmholtz equation V2jCk 2

0jZ0. The usual (i.e. with ZkZZm0Zconst.)

stationary Schrödinger equation V2jCk2ðrÞjZ0 is a certain intermediate
case between Z- and k-Helmholtz equations.

The flux J (particles/(m2s)) for a plane mono-energetic wave jZexp(Kikr)
in the homogeneous part of the medium equals JZ(k/k)vjjj2Z(k/k)jjj2/Z.
The conservation law, which is valid as a consequence of the mono-energetic
Schrödinger equation (6.6), is

div Jðr; tÞZ 0; Jðr; tÞZ iZ

2mðrÞ ðjVj
�Kj�VjÞ: ð6:9Þ

The problem of reflection for the one-dimensional stationary Schrödinger
equation,

d2j

dz2
Ck2ðzÞjðzÞZ 0; k2ðzÞZ 2m

Z2
ðEKV ðzÞÞ; ð6:10Þ

may also be solved by the coupled waves approach. Namely, we will assume for
definiteness that k2(z)O0 and introduce local amplitudes A(z) and B(z) by

AðzÞeik0z Z
ffiffiffiffiffiffiffiffiffi
kðzÞ

p
jK

iffiffiffiffiffiffiffiffiffi
kðzÞ

p dj

dz

and

BðzÞeKik0z Z
ffiffiffiffiffiffiffiffiffi
kðzÞ

p
jC

iffiffiffiffiffiffiffiffiffi
kðzÞ

p dj

dz
; k0 Z

ffiffiffiffiffiffiffiffiffiffi
2mE

p

Z
:

9>>>>>=
>>>>>;

ð6:11Þ

The advantage of amplitudes A(z) and B(z) is that the flux Jz(z) is expressed
very simply,

JðzÞZ iZ

2m
j
dj�

dz
Kj� dj

dz

� �
Z

Z

4m
jAðzÞj2KjBðzÞj2
� �

: ð6:12Þ

This flux is conserved, J(z)Zconst., as a consequence of (6.4) with real mass and
potential. The uniqueness of the representation (6.11) is guaranteed if one
requires that, in the homogenous part of the medium, our waves A and B do not
interact with each other. It is important that equation (6.10) is exactly
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Figure 1. An example of the profiles of jA(z)j2 and jB(z)j2 normalized to P(z)Z1 for the problem
with k2ðzÞZk2

0Ca2sðsC1Þ=cosh2ðazÞ. Solid lines, potential well k2
0Kk2ðzÞZK2=cosh2z yielding

non-reflection and incident beam energy k20Z0:09. Dashed lines, fluxes jA(z)j2 and jB(z)j2 of
counter-propagating wave function components.
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equivalent to the system of coupled first-order equations,

d

dz

AðzÞ

BðzÞ

0
@

1
AZ

iðkðzÞKk0Þ FðzÞeK2ik 0z

FðzÞe2ik0z KiðkðzÞKk0Þ

0
@

1
A AðzÞ

BðzÞ

0
@

1
A; FðzÞZ1

4

d

dz
ln k2ðzÞ:

ð6:13Þ
Numerical (or analytical, whenever possible) solution of this exact system in the
form of theM̂ -matrix allows us to find amplitudes of reflection and transmission.
It should be emphasized that boundary conditions for system (6.13) are applied
only at one end, e.g. at zZKN, so that one should solve the Cauchy problem, for
which any standard code of integration of ordinary differential equations works
very well. Figure 1 shows an example of the profiles of jA(z)j2 and jB(z)j2
normalized to P(z)Z1 for the problem with

k2ðzÞZk20C
a2sðsC1Þ
cosh2ðazÞ

; ð6:14Þ

at the particular ‘non-reflective’ value sZ1 at k0/aZ0.3 (see Landau&Lifshitz 1981).
Reflection of a wave for tilted incidence by the sharp boundary between two

media with different values, (k1, Z1) and (k2, Z2), requires the analogue of Snell’s
law, k1 sin q1Zk2 sin q2; here q1 and q2 are the angles of the momentum with the
normal to the boundary in the respective media. Boundary conditions of continuity
of the wave function j and of (vj/vZ )/(Zk) yield the following expression for
the reflection coefficient:

r ZKtanh S; S Z SDk CSDZ ; SDk Z
1

2
ln

cos q2
cos q1

� �
; SDZ Z

1

2
ln

Z1

Z2

� �
: ð6:15Þ
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7. Conclusion
To conclude, the notion of reflection strength S is introduced, so that the
intensity of reflection is RZtanh2S. The strength of total reflection Stot by a
sequence of lossless elements is expressed through particular element strengths
and mutual phases between them by the simple addition rule (2.4); in particular,
its possible maximum is the sum of the absolute strengths of the constituents.
We have shown that the amplitudes of the standard processes of Fresnel
reflection may be understood in terms of S as a linear sum or difference of the
following two independent contributions: the impedance step and the speed step.
A similar result is obtained for the reflection of longitudinal acoustic waves. The
one-dimensional Schrödinger equation is also treated with specially introduced
amplitudes of coupled counter-propagating components.
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discussion of the results of this work.
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