Lecture 2

Math basics, vector algebra, Fourier transform, wave
propagation equation, slowly varying envelope

approximation (SVEA)



MATH BASICS



Math basics

(vector calculus)

In the differential equations,

e the nabla symbol, V, denotes the three-dimensional gradient operator, del,
e the V- symbol (pronounced "del dot") denotes the divergence operator,

e the VX symbol (pronounced "del cross") denotes the curl operator.
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vector scalar

Gradient: grad f = V f  =vector

vector  vector Basically can treat ‘nabla’
Divergence: divyo = V - v =scalar as a vector

Curl: curlfb’ = V X ’7_5 =vector

vector vector



Math basics

Divergence (a scalar)
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Math basics

Curl




Math basics

Cross product of 3 vectors

(curl of the curl identity)

AX(BXC) = B(AC) — C(AB)

VX(VXE) = V(VE) — V2E

vector scalar
alar vector

(2.1)



Math basics

Fourier Transform

There is a plethora of
rival conventions on
the definition of the
Fourier transform

We will use this definition (see e.g. Weiner “Ultrafast Optics” or Keller “Ultrafast lasers”)
N 1 (@ :
) e o fw =5 foe do
f@) =)= | f@e d }
— 0 f() = f f(w) et dw
| o (2.2) -
FO=F @) =5 | f@)e do :
TJ_ f(w) =f f(t) et dw
1 (. .
FO=5-| F@etdo
Whatever definition you use, it should always be:
r _ 1 OO —iwt
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f()_m_oof(w)e w



Math basics
Fourier Transform

Derivatives

1 (. .
F(t) =5 j F(@) e dw

—f(t)——{— j Fwyetdo} = f " i0f (@) etda

2 2 0 [o'e)
d d - o ilwt 1 2 F ilwt II:
Ef(t) :ﬁ{% f(w)e dw}=% —w*f(w)e'“'dw

new Fourier transform

{910 = wf @)

d? ~
T{W f(t)} = 0¥ (@)

- d
F7H {iwf (@)} = —f(©)

Fl{—w*f(w)} = d—zf(t)
 dt?

(2.3)



MAXWELL'S EQUATIONS



Maxwell’'s equations

(in the medium)

V-D=p
| @ v.B=0 E - electric fi.eld |
Coulomb’s law D - electric displacement field
Faraday's law of induction dB .
Ampeére's circuital law VXE = — It H - magnetizing field
Helmholz equation in optics B - magnetic field
etc..... TxH — dD +J
S dt
no free charges: p=0
In optics: no free currents: J=0
the material is nonmagnetic: B = yH
D=¢,E+P

P - Polarization of the material = dipole moment per unit volume.



Constants

Permeability in vacuum (air)  u, =4zx107" H/m

Permittivity in vacuum (air) e =
S=—

Hoc?
_ 1
the speed of light, ¢ =
7/ E0 MO
1
Uo = CZSO

impedance of the free space n = \/‘:—E = 377 Q)

= 1.257 x 10 H/m

= 8.85x10-12 F/m

=3 x 108 m/c

N\

o

good to remember !
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WAVE PROPAGATION
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Wave propagation

V.-D=20
start from Maxwell’s V-B=0
, dB
equatlons V% VXE = —— B = ugH
dt
OSH dD
xXH = —
dt
VXVXE = —VX (dB) - (VxB) = ’ (VXH) = ’ (dD) e
- dt)  dt T BEERPTAPT Ho g2
on the other hand:
VXVXE = \7(\7E) — V2E /:
AX(BXC) = BUAC) — C(AB) =0 since VE =VD/e = 0 ) d’D
V2E — pg—— =
1“’0 dtz
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Wave propagation

Using
, d%D , d2E ,.. n?d’E (2.4)
P=€E VE—,LLOF:O - VE—S‘U()W:O AVE—C—ZF—O .
finally get:
C= \/% - speed of light in vacuum

Useful relations:

D = ¢E = TlZEOE = EOE + P n -ref. index

P = €0XE P - polarization of a dielectric; y - linear susceptibility,
— 2 —
1 + X=n"= 8/80 relative permittivity
1 d’E :
Invacuum: V2%E —= — =0 (2.5) Wave equation .
c? dt? - same for optics, acoustics etc..

Compact form for wave equation (u -scalar) U = c2 V2 U
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The wave equation and plane waves

_d’E d*E d°E

V2E = Tzt o +— is a vector equation

for plane transverse wave propagating along z, with E -> E,, (scalar, xy plane)

2p _ M2 A% _ d’E_n*d’E _
VE- g =0 T paam O (2.6)
solution for ot—ik o
monochromatic E = Ae® ™ or E = Ae'®ttikz A - const (can be complex)
laser radiation : — =
where k=wn/c and phase velocity is w/k =c/n
in fact, the ‘physical’ field for E(Aeiwt—ikz +c.c.)
the forward moving wave is 2

\

complex conjugate
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Energy density, intensity vs. field amplitude

E(t) = Ecoswt, (E — peak amplitude)

In free space In a medium

The average optical energy density and field amplitude E are related as:

1 1
1 = — 2 = — 2 2
[J/md] U =5 elE|? U=5elE|* =5 en?|E|

The average optical intensity and field amplitude E are related as:

[W/m?] [ = lc.solEl2 = |E|?/2n, 1 21m2 _ L 2 2
2 I'=7(c/n)en”|E|" =7 cnelE|" = |EI7/2n
No is the impedance of the free space 1 is the characteristic impedance of the of the medium
T]o:\/z:(?23779 n= li—oz No/n

see e.g. Salech, Teich book

(2.7)

(2.8)
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Slowly varying envelope approximation
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Slowly varying envelope approximation (SVEA)

dielectric without any external sources D=¢cE+P=c¢cE

Plug this new D into eq. (2.4) :
@ d’D n? d?E d?p,,,
Ho'gez = 7 ez gz~ HoTge2

) d*E
—V°E = g2 for plane -wave approx.

0°E n® 0°E _ 0°Py
022 ¢2 gtz M0z

Scalar wave equation: (2.9)




Slowly varying envelope approximation (SVEA)

for harmonic waves, look for a solution:  E = E(z)e'®t~kz, E(z) -varies slowly
left side of (2.9): /
90%°E . . . 0E(z) 02%E(2) o 0E(z) 02%E(2)
— — plwt—ikzg(_i1\2 — 27 — plwt—ikz__],2 N
5,7 =€ {(—ik)“E(2) — 2ik 3 + 3,2 }=e (—k“E(z) — 2ik 3 + 3,2 )
20%E 2. P _
_?_ZW — (_ Z_z)elwt—lkZ(iw)Z E(Z) — elwt—Lkz 72_2(1)2 E(Z) — ela)t—tkzkz E(Z)
: 2
SVEA equation: . OE(Z) iwt—ikz — d0“P
21k 5, e = —Ho3z (2.10)
\ perturbation polarization

slowly varying E-filed
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Slowly varying envelope approximation (SVEA)

for harmonic perturbation polarization moving at the same

phase velocity and having the same frequency w: P(z,t) = peliwt—ikz
0 OE iot—ikz — _ 0P (z,t)
2tk 5, € Ho ¢z

82

-z — (w)? > -w?)

i aE . s . .
2ik . elwt lkz — —MO(—wZ)Pelwt lkz
OE 1 2 1 (UZP _ﬂ
dz  2ik Ho o 2iown/c Ho o on 10
1
the speed of light, c =
. . Neym
0k(z) _ _wec ,__ @ . @n s
a - nLl'O — Ho =T—"—"3
Z 2n 2egen k. £oc

\

perturbation polarization




Comment on the choice of the complex notation

E~ eiwt—ikz Vs, E~ eikz—iwt
JE(z) _ iwc JE(z) _ | lwc
9z  2n HoP 0z +2n HoP

The SVEA equations (2.11) look different (but the final result should be the same)
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Wave propagation

Example: The Lorentz oscillator model

A monochromatic plane electromagnetic wave is incident on a transparent dielectric. Assume that the electrons in the
medium can be represented by Lorentz oscillators—classical charged harmonic oscillators, governed by the equation
of motion:

X +yx+ wix = qE(t)/m (2.11)

Here g = —e and m are the charge and mass of the electron, wq is the fundamental frequency of the oscillator, and
Y is a damping constant associated with the loss of energy by radiation or collisions.

For a monochromatic wave E = Ee'®*  weget (—w?+iwy+ wd)x = eE/m

that X = eE/m The induced dipole moment = ex
> (w§ — @? + iwy) Polarization P of the material = dipole moment per unit volume.
2
e“N/m
P =eNx / (2.12)

B (wi — w? + iwy)

(N - number density of dipoles)
22



Linear susceptibility x(), classical harmonic oscillator

From the definition of linear susceptibility y(V: P = g,y (VE

Ng?/m
weget Y@M = . 1 /2 _
eo(wg — w? + iwy)

Ng*  (w§—w?)

(1) Real(yMW) =
Real(x™) - Imag(x*>) eal(x™) eom (wi—w?)? + (wy)?
| Ng? ” Ng? 1
0 / Imag(x®) = - 1 Y N 7 -

eom (wi—w?)2 + (wy)?  eowomYy

at resonance w = w,

Away from resonance:

Real()((l)) ~ —T decays slow

_ _ . — decays faster
-50 40 -30 -20 0 0 30 (a)o - (1))2

x = (0=wo)/(v/2)

=distance from resonance Imag(x™) is negative
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Now plug P into eq. (2.3)

1) Assume w=w, (resonance)

Wave propagation

The Lorentz oscillator model

JdE(z) _ iwc _ lwc e?N/m
on Ho (W3—w?+iwy)

=—— UogP =

0z 2n

E(z)

0E(z) _ iwc e’N (2)

T 0 imwy

c e2N
% - =~ b0, E(@)

/

OE _ Uoce®?N _ 1 [e®N
— = —qF where a = nmy 2
07 Y CEgn\my

the speed of light, c =

Solution: E(z) = Eje™ %

I~EE*; I = Ije 2%

1
VE0 MO
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Wave propagation

The Lorentz oscillator model

2) Assume w3 — w? >> wy (off resonance on the lower frequency side )

the speed of light, c =

1
v/ €0 Ko

w e*N/m

0E(z) _  lwc _ _lawc e’N/m
9z  2n Hot" = 2n Ho (w3 wZ)E( )
2 9% - —IBE where _ Dot e*N/m =
0z C2n (w3 —w?)
Solution: E(2) = Eo(Z)e_lﬁZ

Only phase delay of the light beam;

Beam intensity ~ |Eg|? = EE* = const

2ceon (wh — w?)
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