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Sum-frequency and second-harmonic generation.

Lecture 6
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Sum-Frequency Generation
(frequency up conversion)

Consider sum-frequency generation in a lossless nonlinear optical medium involving collimated, monochromatic, 
continuous wave input beams.

A photon ℏ𝜔!	from the ‘pump’ wave is added to a ‘signal’	photon ℏ𝜔"	to geneate an up−converted photon ℏ𝜔# 
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Sum-Frequency Generation

!"$
!# 	=−𝑖𝑔	𝐴$𝐴%

∗𝑒'(∆*#

!"%
!# 	=−𝑖𝑔	𝐴$𝐴+

∗𝑒'(∆*#

!"&
!# 	=−𝑖𝑔𝐴+𝐴%𝑒

(∆*#

Recall coupled-wave equations for normalized amplitudes A for the 3 waves - Lecture 5, eq. (5.9) 

g = '
(

)!)")#
*!*"*#

 NL coupling coefficient

𝐴𝑖 =
𝑛+
𝜔+
𝐸𝑖

Δ𝑘 = 𝑘# 	− 𝑘! − 𝑘"
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Sum-Frequency Generation
1) Assume that the ‘pump’ field at 𝝎𝟐 is strong : 𝐸! ≫ 𝐸" and 𝐸! ≫ 𝐸#, and we can assume  𝐸! ≈ const.
Assume that the 3 waves are phase matched, ∆𝑘 = 0 (k-vector match), and there is no absorption. 

The three equations are then reduced to two: !"$
!# 	=−𝑖𝑔	𝐴$𝐴%

∗

!"&
!# 	=−𝑖𝑔𝐴+𝐴%

We can also assume (by the proper choice of time origin) 𝐴! to be real: 𝐴!=𝐴!∗ 	 (and constant).

(6.1)

!"$
!# 	=−𝑖𝛾	𝐴$
!"&
!# 	=−𝑖𝛾𝐴+

(6.2)
and get:define 𝜸 = 𝒈𝑨𝟐

!!"$
!#! 	=−𝑖𝛾 −𝑖𝛾𝐴+ = −𝛾%𝐴+

!!"$
!#! 	+𝛾

%𝐴+ = 0

!!"&
!#! 	+𝛾

%𝐴$ = 0likewise

solution: sines and cosines
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Sum-Frequency Generation

For the initial conditions 𝐴"(z=0) =𝐴".	and	 𝐴#(z=0) =0

we get: 𝐴" =𝐴".cos(𝛾𝑧)

𝐴#=−
"
+/
'0!
'1 = −𝑖𝐴".𝑠𝑖𝑛(𝛾𝑧)

The photon flux densities are Φ1	~	|𝐴"|
2 =Φ10 cos 2 𝛾𝑧

Φ3~	|𝐴#|2 =Φ10 sin 2 𝛾𝑧

𝛾𝑧𝜋/2 𝜋0

Φ3Φ1
signal
photons

up-converted
photons

The up-conversion 
efficincy in intensity 𝜂 =

𝐼#
𝐼".

=
𝜔#|𝐴#|2

𝜔"|𝐴".|2
=
𝜔#
𝜔"

sin 2 𝛾𝑧

à 𝜂 =
𝜔$
𝜔+

max up-conversion efficincy >1

Φ1+Φ2 = 𝑐𝑜𝑛𝑠𝑡 = Φ10

ph
ot

on
 n

um
be

r

hence
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Sum-Frequency Generation (low conversion limit)
2) Assume we have two ‘pump’ fields at 𝝎𝟏	and 𝝎𝟐 and (up) convesion efficiency to 𝜔#	is small  (<< 1 in photons) 
Assume that the 3 waves are phase matched, ∆𝑘 = 0 , and there is no absorption. 

The three equations are then reduced to just one: !"&
!# 	=−𝑖𝑔𝐴+𝐴%

(6.3)

𝐴", 𝐴! = 𝑐𝑜𝑛𝑠𝑡

𝐴! = −𝑖𝑔𝐴"𝐴#𝐿

𝐼! =
2𝜔!#

𝜖$𝑐!
(
𝑑#

𝑛!
)	𝐼"𝐼#𝐿#	Finally, for SFG intensity

SFG field grows linearly with distance

- grows quadratically with distance
- proportional to the product 𝐼"𝐼!

|𝐴#|2 =	𝑔! |𝐴"|2|𝐴!|2𝐿!

𝐴 =
𝑛
𝜔
𝐸

𝐼 =
1
2 𝑐𝑛𝜀$ 𝐸

% =
𝑐𝜀$
2 𝜔 𝐴 %

g = &
'

(!("(#
)!)")#

 

solution:

𝑔% =
𝑑%

𝑐%
𝜔*𝜔%𝜔+
𝑛*𝑛%𝑛+

=
𝜔*𝜔%𝜔+
𝑐% (

𝑑%

/𝑛+)

'𝑛 = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒	(𝑛$, 𝑛%, 𝑛&)

𝐼#
𝜔#

2
𝑐𝜀.

=	𝑔! (
2
𝑐𝜀.

)!
𝐼"
𝜔"

𝐼!
𝜔!

𝐿!𝐴 % =
𝐼
𝜔

2
𝑐𝜀$

𝐼# =	𝜔#!	𝑔!
2
𝑐𝜀.

𝐼"𝐼!
(𝜔"𝜔!𝜔#)

𝐿! nonlinear 
optical 
figure of 
merit

d=deff    - effective NL coefficient

L=crystal length
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Detection of mid-infrared light via up-conversion

𝜔34

𝜔56

𝜔4

NL crystal
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Second Harmonic Generation (SHG)
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Second Harmonic Generation (SHG)

The complex amplitude of the nonlinear polarization at 2ω1 is given by :

𝑃 2𝜔" =
1
2 𝜀.𝜒

! 𝐸"! = 𝜀.𝑑78𝐸"!

– same for 2ω2 

A paradox : why  +% 	 for	SHG	?  

Regard this example:

(cos𝜔"𝑡 + cos𝜔!𝑡)2 = cos2𝜔"𝑡 + cos2𝜔!𝑡 + 2 cos𝜔"𝑡 Y cos𝜔!𝑡 =

=
1
2 cos 2𝜔"𝑡 + 1 +

1
2 cos 2𝜔!𝑡 + 1 + cos(𝜔"+𝜔!)𝑡 + cos(𝜔"−𝜔!)𝑡 =

=
1
2 cos 2𝜔"𝑡 +

1
2 cos 2𝜔!𝑡 + cos(𝜔"+𝜔!)𝑡 + cos(𝜔"−𝜔!)𝑡 + 1	

SHG, 
second 

harmonic 
generation

DFG, 
difference-
frequency 
generation

SFG, sum-
frequency 
generation

OR, optical 
rectification

SHG, 
second 

harmonic 
generation

Recall (5.2) from the previous lecture: 
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Second Harmonic Generation (SHG) 

Second Harmonic generation is a degenerate case of 3-wave mixing; we have 𝜔"=𝜔!= 𝜔 and 𝜔#=2𝜔 frequencies   

!"$
!# 	=−𝑖𝑔	𝐴$𝐴+

∗𝑒'(∆*#

!"&
!# 	=−𝑖

,
% 𝐴+𝐴+𝑒

(∆*#

Coupled-wave equations for normalized amplitudes A for the 2 waves 

g = '
(

)!)")#
*!*"*#

 NL coupling coefficient

𝐴𝑖 =
𝑛+
𝜔+
𝐸𝑖

𝑃𝑁𝐿 2𝜔 =
1
2 𝜀.𝜒

! 𝐸"!

𝑃𝑁𝐿 𝜔 =	 𝜀.𝜒 ! 𝐸#𝐸"∗

Δ𝑘 = 𝑘# 	− 2𝑘"

(6.4)

𝜔 2𝜔

𝜔 + 𝜔 = 2𝜔  process

2𝜔 − 𝜔 = 𝜔  process

2𝜔 − 𝜔 = 𝜔  process

𝜔 + 𝜔 = 2𝜔  process
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Second Harmonic Generation (SHG)

𝜔 2𝜔

Now let us find how photon fluxes at 𝜔	&	2𝜔	 are related to each other  

photon flux ~	|𝐴|! '
'1 	 |𝐴|

! = '
'1 𝐴𝐴∗ = 𝐴∗ '0'1 + 𝐴

'0∗

'1 = 𝐴∗ '0'1 +	𝑐. 𝑐.

𝐴"∗

𝐴#∗

!"$
!# 	=−𝑖𝑔	𝐴$𝐴+

∗𝑒'(∆*#

!"&
!# 	=−𝑖

,
% 𝐴+𝐴+𝑒

(∆*#

'
'1
	 |𝐴"|! = −𝑖𝑔	𝐴#𝐴"∗𝐴"∗𝑒>+∆@1 + 𝑐. 𝑐.

'
'1
	 |𝐴#|! = −𝑖 A

!
𝐴#∗𝐴"𝐴"𝑒+∆@1 + 𝑐. 𝑐. = 𝑖 A

!
	𝐴#𝐴"∗𝐴"∗𝑒>+∆@1 + 𝑐. 𝑐.

𝑑
𝑑𝑧	|𝐴"|

! + 2
𝑑
𝑑𝑧	|𝐴#|

! = 0	 (6.5)

|𝐴"(𝑧)|! + 2	|𝐴#(𝑧)|! =	𝐴"(0)!	 (6.6)

(6.7)

(6.8)

energy conservaion

𝑑
𝑑𝑧 𝐼) + 𝐼!) =

𝑑
𝑑𝑧 ℏ𝜔 Y Φ1+ 2ℏ𝜔 Y Φ3 = ℏ𝜔

𝑑
𝑑𝑧 Φ1+ 2Φ3 = 0

Φ1+ 2Φ3 = 𝑐𝑜𝑛𝑠𝑡 = Φ10 }
𝐼 = ℏ𝜔 2 Φ
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Second Harmonic Generation (SHG)

1) Low conversion limit:  𝐴#≪ 𝐴", 	 𝐴" = 𝑐𝑜𝑛𝑠𝑡
!"&
!# 	=−𝑖

,
% 𝐴+

2 ≈ 	𝑐𝑜𝑛𝑠𝑡

𝐴! = −𝑖
𝑔
2
𝐴"2

	𝐿

𝐼!) =
2𝜔!

𝜖.𝑐#
(
𝑑!

𝑛#)	𝐼)
!𝐿!	Finally, SH intensity (𝐼# = 𝐼!))

SH field grows linearly with distance

-grows quadratically with distance
-grows quadratically with 𝐼)

𝜔 2𝜔

Now assume that ∆𝑘=0 (no phase mismatch), 𝐴#(𝑧 = 0)	= 0  (no 2ω at the input) and 𝐴" - real 

!"$
!# 	=−𝑖𝑔	𝐴$𝐴+

∗

!"&
!# 	=−𝑖

,
% 𝐴+

2
(6.9)

|𝐴#|2 = (
𝑔
2)

!|𝐴"|4𝐿!

(6.10a)

SHG conversion efficiency in 
the plane-wave limit: 

𝜂!) = 𝐼!)/𝐼) =
!)"

C-(#
('

"

*#)𝐼)	𝐿
!

𝐴 =
𝑛
𝜔𝐸

𝐼 =
1
2 𝑐𝑛𝜀$ 𝐸

% =
𝑐𝜀$
2 𝜔 𝐴 %

g = &
'

(!("(#
)!)")#

 

𝑔% =
𝑑%

𝑐%
𝜔*𝜔%𝜔+
𝑛*𝑛%𝑛+

=
𝜔*𝜔%𝜔+
𝑐% (

𝑑%

/𝑛+)

'𝑛 = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒	(𝑛$, 𝑛%, 𝑛&)

𝐼#
2𝜔

2
𝑐𝜀.

= (
𝑔
2)

!(
2
𝑐𝜀.

)!(
𝐼"
𝜔)

!𝐿!𝐴 % =
𝐼
𝜔

2
𝑐𝜀$

𝐼# = 4𝜔!(
𝑔
2)

! 2
𝑐𝜀.

𝐼"!

(2𝜔 Y 𝜔 Y 𝜔) 𝐿
!𝐼# =	𝜔#!	𝑔!

2
𝑐𝜀.

𝐼"𝐼!
𝜔"𝜔!𝜔#

𝐿!

(6.10b)
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Second Harmonic Generation (SHG)

2) High conversion limit

use energy conservation relation: |𝐴"(𝑧)|! + 2	|𝐴#(𝑧)|! =	𝐴"(0)!	

!"$
!# 	=−𝑖𝑔	𝐴$𝐴+

∗

!"&
!# 	=−𝑖

,
% 𝐴+

2

'0#
'1 	=−𝑖

A
! 𝐴"

! = −𝑖 A!(𝐴".
! − 2|𝐴#|!) – diff. equation for 𝐴# 

Assume ∆𝑘=0, 𝐴#(𝑧 = 0)	= 0  (no 2ω input) 
and 𝐴" - real 

to get

set  𝑦 = 𝑖 2𝐴#,    to get      'D'1 	=
A
! (𝐴".! − 𝑦!)

&'
((567 )'7) 	=

*
#
𝑑𝑧 "

0!-
𝑎𝑡𝑎𝑛ℎ( D

0!-
)= *+

#

𝑦 = 𝐴"$𝑡𝑎𝑛ℎ(
*(56+

#
) 𝐴! =

"
, #𝐴"$𝑡𝑎𝑛ℎ(

*(56+
# )

The photon flux density 

|𝐴#|2 =
"
! |𝐴".|

2 tanh 2 𝛾E𝑧

Φ1+ 2Φ3 = 𝑐𝑜𝑛𝑠𝑡 = Φ10

𝑤ℎ𝑒𝑟𝑒	 𝛾' =
𝑔𝐴$(
2

since 

Φ1 = Φ10− 2Φ3 = Φ10 (1 − tanh 2 𝛾E𝑧 ) =Φ10 sech 2 𝛾E𝑧we get

sech 2+tanh 2 = 1

à integrate à

à

g = &
'

(!("(#
)!)")#

 

Φ3 =
"
!Φ10 tanh 2 𝛾E𝑧

Φ =
𝑐𝜀"
2ℏ 𝐴 !

the integral on the left side 
is reduced to the integral 

< 𝑑𝑥
1− 𝑥% = atanh(𝑥)
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Second Harmonic Generation (SHG)

Φ3 =
"
#Φ10 tanh 2 𝛾-𝑧

Φ1 =Φ10 sech 2 𝛾-𝑧
rewrite again: 

(6.11)

(6.12)

(𝝎)

(𝟐𝝎)
𝛾.=

𝑔𝐴*$
2

𝐼2𝜔 = 𝐼𝜔0 tanh 2 𝛾-𝑧
𝐼𝜔 =𝐼𝜔0 sech 2 𝛾-𝑧 (6.13)

(6.14)

𝐼𝜔 → Φ1	ω

Φ1
photons
𝑎𝑡	𝜔

Φ3
photons
𝑎𝑡	2𝜔

𝛾-𝑧

Φ10

photon flux
normalized
 to 

𝐼𝜔
𝐼2𝜔

𝛾-𝑧

intensity
normalized
 to 𝐼𝜔0

𝐼2𝜔 → Φ	3 2ω
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Practical example (calculate SHG efficiency)

P=1; % 1W
lam=1.06e-6;  % 1.06 µm
area=(100e-6)^2; % m^2
L=2e-2; % m
c=3e8; % m/sec
n=2;
eps0=8.85e-12;
d=20e-12; % V/m
omega=2*pi*c/lam;  % rad/sec

eta_SHG=2*omega^2/eps0/c^3 *d^2/n^3 *P/area *L^2

 =0.053 = 5.3%

Problem: calculate the efficiency of SHG conversion from a 1.06 µm laser to the green (0.53 µm) 
Laser power: 1W; beam area: (100 µm)2; nonlinear crystal: L=2 cm; d=20 pm/V; n=2   

𝜂%- = 𝐼%-/𝐼- =
%-%

.U/&
(!

%

0&)𝐼-	𝐿
% (6.10b)Use the formula:


